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Abstract 



Graber, Harris and Starr proved, when n > 2d, the irreducibility of the Hurwitz 
space TL dn (Y) which parametrizes degree d coverings of a smooth, projective curve Y 
of genus > 1, simply branched in n points, with full monodromy group Sd- We sharpen 
(■h this result and prove that H d n (Y) is irreducible if n > max{2, 2d — 4} and in the case 

of elliptic Y if n > max{2, 2d — 6}. We extend the result to coverings simply branched 
in all but one point of the discriminant. Fixing the ramification multiplicities over 
the special point we prove that the corresponding Hurwitz space is irreducible if the 
number of simply branched points is > 2d— 2. We study also simply branched coverings 
■ with monodromy group 7^ Sd and when n is large enough determine the corresponding 

connected components of 7~id,n(X). O ur results are based on explicit calculation of the 
braid moves associated with the standard generators of the n-strand braid group of Y. 

o\ 
o 

JCj : Introduction 

Let Y be a smooth, connected, projective complex curve of genus g > 0. Let TCd, n (Y) be the 
Hurwitz space which parametrizes degree d coverings of Y simply branched in n points. A 
classical result of Hurwitz |Huj states that ^^(P 1 ) is irreducible. More generally one can 
consider coverings of P 1 which are simply branched in all but one point of the discriminant. 
^ Fixing the ramification multiplicities over the special point one obtains a corresponding 

Hurwitz space which turns out to be irreducible as well (see |Naj . [Klj . |Moj ). 

Coverings of curves of positive genus were studied by Graber, Harris and Starr in [OHSJ. 
They considered the Hurwitz space which parametrizes coverings with full mon- 

odromy group and proved it is irreducible if n > 2d. Another result of this type was 
obtained by F. Vetro |Vej . 

In the present paper we sharpen the result of Graber, Harris and Starr and prove that 
Ti^drSX) i s irreducible if n > 2d — 2 (cf. Theorem 13.10)1 . Our approach allows to extend 
the result to coverings which are simply branched in all but one point of the discriminant. 
Fixing the branching data of the special point, i.e. a partition e = {ei,e 2 , . . . ,e q } where 
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ei > t2 > . . . > e q > 1 and ei + • • • + e q = d one obtains a Hurwitz space Ti. dne (Y) 
parametrizing coverings with full monodromy group, simply branched in n points and rami- 
fied with multiplicities ex, . . . , e q over one additional point. We prove TC dn JY) is irreducible 
if n > 2d — 2 (cf. Theorem 13.11)) . Coverings with n < 2d — 2 are more difficult to deal with. 
We prove the irreducibility of 7i dn (Y) when n = 2d — 4, d > 3, g(Y) > 1 (cf. Theorem 14. 5 j) 
and the irreducibility of Tl dn (Y) when n = 2d — 6, d > 4, (7(F) = 1 (cf. Theorem 15.4)1 . 
The case of simply branched coverings with monodromy groups 7^ Sd can be reduced via 
etale coverings to the case of coverings with full monodromy group. In Theorem 13.141 and 
Theorem 15 .51 we prove that connected components of Hd, n (X) n °t contained in Ti. dn (Y) may 
exist only if d is not prime and in this case if n is sufficiently large such connected compo- 
nents correspond bijectively to the equivalence classes of etale coverings [Y — > Y] of degree 
g?2, where o^ld, di 7^ ^,d. 

In proving these results we follow the standard approach for determining the connected 
components of H^niX). Associating to every equivalence class of coverings [X — > Y] G 
1~Ld, n (Y) its discriminant locus yields an etale mapping Hd, n (Y) — > Y^ n > — A. Fixing a 
D G F (n) -Athe fiber over D is identified via Riemann's existence theorem to the equivalence 
classes modulo inner automorphisms of ordered (n + 2g)-tuples (ti, . . . , i n ; Ai, . . . , X g , fi g ) 
satisfying t\ ■ • ■ t n — [Ai, fix] ■ ■ ■ [X g , fi g ] - we call such (n + 2g)-tuples Hurwitz systems - where 
ti, Afc, fik G Sd, ti are transpositions, and ti, X k , fi k with 1 < i < n, 1 < k < g generate a 
transitive subgroup of Sd- The problem is thus reduced to finding the orbits of the action of 
the n-strand braid group of Y, namely tti^Y^ — A, D), on the set of equivalence classes of 
Hurwitz systems. In fact it is more natural and it suffices to study the action of the braid 
group of the open Riemann surface Y — {bo}, where 60 is a fixed point. Birman found in [Bij 
a natural system of generators of these braid groups. Our results are based on Theorem 11.81 
where we calculate explicitly how these generators act on Hurwitz systems. 

We follow the key idea of GHS which consists in applying a sequence of braid moves 
to a given Hurwitz system (ti, . . . , t n ; Ai, fix, . . . , X g , fi g ) in order to replace it by a new one 
(ti, . . . , i n ; X\, fix, . . . , X g , fig) in which as many as possible of the elements Xk, [ik equal 1 and 
then reduce the sequence (t\ . . . , t n ) to a normal form using only elementary transformations 
of the Artin's braid group. An important tool in our arguments is Main Lemma 12. II which 
states that if in a Hurwitz system (t 1 , . . . , t n ; Ai, fix, . . . , X g , one has tit i+1 = 1, then 
replacing the pair {ti, U + i) by a pair (h~Hih,h~Hi + xh), where h belongs to the subgroup 
generated by tj, Xk, fik with 1 < j < n, j ^ i, i + 1, 1 < k < g, one obtains a braid-equivalent 
Hurwitz system, i.e. can be obtained from the initial one by a finite sequence of braid 
moves. This is a generalization of Lemma 2.2 of (GH Sj proved there using the Kontsevich 
moduli space of stable maps. The proof of our Main Lemma 12.11 is more elementary and 
uses only the explicit formulas for the braid moves of Theorem 11.81 We think Theorem 11.81 
and Main Lemma 12.11 are results of independent interest, since both are valid for Hurwitz 
systems with values in an arbitrary (possibly infinite) group G. We profitted a lot from the 
paper of Mochizuki )Moj which was the starting point for us in studying the problem of the 
irreducibility of Hurwitz spaces. 

Notation and conventions. We assume that the base field k = C. Throughout the paper 
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7r : X — > K denotes a covering, i.e. a finite holomorphic mapping, of smooth projective 
curves. We do not assume that X is connected, while Y is always assumed connected. Two 
coverings 7Ti : X\ — > K and 712 : X2 — > K are called equivalent if there is an isomorphism 
/ : X\ — > X2 such that hi = H2 f ■ A covering 7r : X —>■ Y of degree d is called simple if 
both X and K are irreducible and for each y G K one has d — 1 < # 7r _1 (y) < d. We use 
mainly right actions and write x 9 for x G E and g G G, where the group G acts on the set 
E on the right. In particular if E = G we let x s = g~ l xg. 

Contents. 1. Braid moves, 2. The main lemma, 3. The case n > 2d — 2, 4. The case 
n = 2d — 4, # > 1, 5. The case n = 2d — 6, g = 1. 

1 Braid moves 

1.1. The equivalence classes of (possibly nonconnected) coverings of degree d of a smooth, 
projective ; irreducible curve Y branched in n > points are parametrized by a smooth 
scheme (y) which is an etale cover of 7^- A. Here A is the codimension one subscheme 
consisting of nonsimple divisors of degree n. The covering mapping associates to [X — ► V] 
its branch locus D. Let 60 G K. We denote by U(bo) the open subset of TC^J 1 (Y) consisting 
of coverings which are unramified at b . Similarly we consider equivalence classes of pairs 
[n : X — > Y, 0] where [X — > K] G ZY(6o) an d : 7r_1 (^o) ~" > {Ij-j^} is a bijection. We 
denote by T-C^\Y,bo) the corresponding etale cover of W(6o). Let D G F (n) - A, b <£ D. 
Riemann's existence theorem (see e.g. jFuj p. 544) establishes the following natural one-to-one 
corresp ondences 

A. For ^ n) (F,6 ) between: 

(i) the fiber of H^\y, b ) -> (Y - b ) {n) - A over D 

(ii) the set of homomorphisms m : ni(Y — D,b ) — > which satisfy the condition 
that 771(7) 7^ 1 f° r each small loop which circles a point of D. 

B. For fti n) (y) between: 

(i) the fiber of H^\y) -> F( n ) - A over D 

(ii) the set of equivalence classes modulo inner automorphisms of homomorphisms 
m : 7Ti (y — D,b ) — > satisfying the condition of A(ii), here m ~ m' if there 
exists an s G 5*^ such that m' = s _1 ms. 



We fix our preferences in this paper as follows, 
group induced by product of arcs defined as 



We consider the product in a fundamental 

for0<t<l/2, 
for 1/2 < t < 1 



7i * 72 
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We consider right action of Sd on {1, . . .,d}, so a permutation o G Sd transforms % into 
i a and for instance (123) = (12) (13) . Explicitly the correspondence in (A) is defined in 
the following way. Given a pair tt : X — > Y, <fi : 7r~ 1 (6o) — ► {1, • • • , d} let us number the 
elements of the fiber 7r _1 (6 ) using <f>, thus 7r _1 (6 ) = {^i, • • • , Xd} where Xi = Then 
given a homotopy class of loops [7] with 7(0) = 7(1) = 60 the permutation o = 771(7) acts 
as follows. If lifting 7 one starts from x^ and ends at Xj, then one lets i a = j. Let s G Sd- 
Renumbering the points of the fiber 7r _1 (6 ) by a bijective map ip : 7r _1 (6 ) — ► {1, • • • , d} such 
that ip{x) = <f)(x) s results in replacing the monodromy homomorphism m by s _1 ms. Hence 
the one-to-one correspondence in (B) is obtained from that of (A) applying the forgetful 
mapping [X —>Y, </>] 1— > [X — > Y ] . 

1.2. Suppose that g{Y) > 1. Let us fix the orientation of the real 2-manifold Y considered 
as a complex manifold. Let D = {bi, . . . ,b n } C Y. Let bo ^ D. We describe a standard 
way of choosing generators of 7ti(Y — D,b ). Cutting Y along 2g simple closed arcs which 
begin at b and do not contain any of bi, i > 1 one obtains a standard 4g-polygon with sides 
ax, Pi, a^ 1 , (3± , . . . , a g , (3 g , a" 1 , [3~ l which circle the polygon in counterclockwise direction. 
We consider a simple closed arc L which begins at bo, L — b is contained in the interior 
of the 4g-polygon and passes consecutively in counterclockwise direction through the points 
{bi, . . . , b n }. The closed arc L divides the Ag polygon into two regions R and R' which stay on 
the left respectively on the right side of L with respect to its counterclockwise orientation. We 
choose a simple arc £1 which lies inside the region R and connects 60 and b\. Then we choose 
a second simple arc £2 inside R which connects 60 with b 2 , has only 6 as point in common 
with £1, and lies on the left side of £1. Continuing in this way we obtain an ordered n-tuple 
(£1 . . . , £ n ) of simple arcs which do not meet outside b . Let 7$ be a closed path which begins 
at bo, travels along to a point near bi, makes a small counterclockwise loop around bi, and 
returns to b along We obtain a (n + 2^)-tuple of closed arcs (71, . . . , j n ; ati, Pi, . . . , ot g , P g ) 
which we call a standard system of closed arcs. The corresponding homotopy classes yield a 
standard system of generators for tti(Y — D, bo) which satisfy the only relation 

7172 •■■In ^ [ai,pi}---[a g ,p g ] (2) 

Figure ^ illustrates such a standard system. A reader who prefers the clockwise orientation 
of closed arcs and ordering of the branch points from left to right may look at this and 
all subsequent figures from the other side of the sheet. Given a covering 7r : X — ► Y 
with discriminant D and an isomorphism : 7r _1 (fe ) — » Sd one applies the monodromy 
homomorphism m and obtains rjj = 771(7$), ^fc = m ( a k), = ^ g +k = m (Pk)- 

Definition 1. An ordered sequence (ti, . . . , t n ; Ax, yUi, . . . , A g , fi g ) of permutations in Sd with 
ti 7^ 1 for Vz and satisfying the relation 

tlt2'--t n = [Ax, fJ>l] ■ • ■ [Ag, fJ,g] 

is called a Hurwitz system. We let \ g+ k = Hk- We call the subgroup G C Sd generated by 
all ti, Afc,/ifc the monodromy group of the Hurwitz system. 
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Figure 1: Standard system of closed arcs 



Bv ll.ll given D E Y^ n '—A and b D, and fixing the closed arcs (71, . . . , 7„; a>i, Pi, . . . , a g , 
P g ) as above, the fiber of H d n) (Y, b ) -»• (Y - b )^ - A over D may be identified with the 
set of all Hurwitz systems, while the fiber of Ti, d n \Y) — > Y^ — A over D may be identified 
with the set of equivalence classes [t 1 , . . . , t n ; Ai, fix, . . . , X g , fi g ] of Hurwitz systems modulo 
inner automorphisms of Sd, where (t 1 , . . . , fj, g ) is equivalent to {t' x , . . . , fi' ) if there exists an 
s G Sd such that t\ = s~HiS, X' k = s~ 1 \i t s, fi' k = f° r Vi, fc. 

An equivalent way of constructing a standard system of closed arcs is the following. One 
chooses first the 2g simple closed arcs a%, Pi, . . . , a g , P g . Then one chooses n simple arcs 
which start at 60, he inside the 4g-polygon, do not meet outside 60, and have for end points 
the n points of D. One enumerates these arcs according to the directions of departure in 
counterclockwise order. The obtained (n + 2g)-tuple (£1, . . . , £ n ; ai, Pi, . . . , a g , P g ) is called 
an arc system (cf. |Loj p. 416). One considers the induced ordering of the points of D. One 
can take for R a star-like region which contains the union £1 U . . . U i n and let L = dR. 
In this way one obtains all ingredients used to construct a standard system of closed arcs 
(~/i, . . . ,~/ n ; a 1: Pi, . . . , a g , P g ). 

1.3. The connected components of Ti-J 1 (Y) are in one-to-one correspondence with the orbits 
of the full n-strand braid group tc 1 (Y^ — A, D) acting on the fiber of the topological covering 

over D. Similar statement holds about H. d n \Y,bo) where one considers 
the braid group tti((Y — &o) <n ' ) — A, D). The identification of these fibers with the Hurwitz 
systems reduces the problem of determining the connected components of Tt d 71 (Y, 6 ) and 
H^iY) to calculating the action of the respective braid groups on Hurwitz systems and 
then finding the orbits. 

Let %,ock,Pk, 1 < i < n, 1 < k < g be a standard system of closed arcs obtained from an 
arc system £ iy a^, Pk, 1 < k < g as in 11.21 Let D u , < u < 1 be a closed arc in 

(Y — bo)^ — A with D° = D 1 = D. Suppose that starting from the given arc system one can 
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extend the map u ^ D u to a homotopy of arc systems £f,a k ,(3 k , l<i<n, l<k<g based 
at b . This yields a corresponding homotopy of closed arcs 7", a k , j3 k 1 < % < n, 1 < k < g 
which form a standard system for each u G [0,1]. Let [X — > Y, 0] e H d n \Y,bo) have 
discriminant -D and let (tx, . . . , t n ; Ai, fix, . . . , X g , fi g ) be the corresponding Hurwitz system. 
Then the lifting of the closed arc D u , < u < 1, starting from a [X — > Y, 0], is defined by 
by m u : 7Ti(K - D", 6 ) -> S d where (cf. jE] P-545) 

m«( 7 r)=ti, m"K)=A fc , m u (^)=/i fc 

Letting 7? = 7^, a4 = o4, = (3' k and m 1 = m' we obtain the end point of the lifting of D u 
is [X' — > Y, 0'] whose monodromy map m! : 7ix(Y — D, bo) — > Sd is defined by 

m \l[) = U, rn'(a' k ) = X k , m'((3' k ) = fi k 

Evaluating m' at 7^ ot k , /3 k we obtain 

m '(7i) = 4 m'(a k ) = X' k , m'(f3 k ) = fi' k . (3) 

So (i^, . . . , t' n ; X' x , fi[, . . . , X' g , fi' g ) is the Hurwitz system corresponding to [X' — > Y, 0']. An- 
other approach is to consider 

m(7-)=*", rn(a' k ) = \l, m(l3' k ) = (4) 

The Hurwitz system (i", . . . , t^; A'/, fi", . . . , A^', /i^') corresponds to a pair [X" — > Y, 0"] whose 
monodromy map m" : ttx(Y — D, b ) — > Sd satisfies 

m"( 7l )=C m\a k ) = \l m"((3 k ) = fi'l (5) 

Lemma 1.4. Le£ us lift the path D l ~ u , < u < 1 starting from [X — > Y, 0]. T/ien t/ie end 
point is [X" -> Y, 0"] . 

Proof. In terms of 7j',a^,/3^, the monodromy map of [X — > Y, 0] is given by m(7-) = 
t", m(a' k ) = X k , m((3' k ) = fi' k . Let us consider the homotopy of closed paths jI~ u , ct l k ~ u , /3 k ~ u , 
< u < 1 and the path in H d n \Y,b ) given by n u : Hi(Y — D 1_ ",6 ) — > S d where 
n «( 7 i-«) = tf, n u (a^ u ) = A£, = Then n° = m, n 1 = m" (cf. Eq.©) □ 

Definition 2. Given a closed arc D u , < w < 1 in the configuration space (Y — bo)^ — A the 
transformation of Hurwitz systems (tx, ■ ■ ■ , t n ; Ai, fix, ... , X g , 1— »■ (t' l5 . . . , t^; A^, fi' x , . . . , \' g , 
fi' g ) given by Eq.fJS} is called a braid move of the first type. The transformation (tx, ■ ■ ■ , t n ; Ai, 
fix, . . . ,X g , fig) 1— > (<i, • • • , t^; A'/, ///, . . . , Aj, /ig) given by Eq.© is called a braid move of the 
second type. 

The braid moves of the first and of the second type are inverse to each other according to 
Lemma 11.41 It is evident that the braid moves of both types commute with inner automor- 
phisms of Sd- So the braid moves are well-defined on equivalence classes of Hurwitz systems 
(cf. Q. 
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1.5. There is a convenient system of generators of irx{{Y — &o) — A, D). We include here 
some material borrowed from jBij and [He] for the sake of convenience of the reader and since 
our choices differ slightly from theirs. Consider the Galois covering p : (Y — bo) n — ► (Y— &o) 
with Galois group S n . Restricting to the complement of A one obtains an unramified Galois 
covering^ : (Y-& )™-p _1 (A) -> (Y-6 ) (n) -A. Following the notation of |FNj if Qi = {b } 
one denotes (Y - b ) n - p _1 (A) by F ljn F. Let D = . . . , b n }, D = (b ± , ...,b n ). One has 
an exact sequence 

1 — > 7ri(Fi, n y,D) — > 7n((Y - 6 ) (n) - A, D) — > 5 n — > 1 (6) 

One determines first a system of generators of the pure braid group iri(Fi n Y,D) as fol- 
lows. Consider the closed arcs in F liTl Y defined by (bx, . . . , r^t), b i+ i, . . . , b n ) and 
(bx, ■ ■ ■ , h-i, Uk(t), h + x, ■ ■ ■ , b n ), with t G [0, 1], where and are the closed simple arcs 
based at bi and pictured on Figure El by a continuous line and by a dotted line respectively. 
We denote the corresponding homotopy classes by Pik,Tik G 7Tx(Fx } n(Y) , D) . Informally p^ 




Figure 2: Generators of the pure braid group 7Ti(F l n , D) 

corresponds to a loop of the z-th point along a fc and r ik corresponds to a loop of the z-th 
point along (3 k . Let us denote by Ay, i < j the element of irx{Fx, n Y, D) represented by a 
closed simple arc in Y n which leaves fixed b k for k ^ i and moves bi along the arc pictured 
on Figure El For every i and every j > i the pictured loop is chosen so as to stay on the left 
of all arcs used to construct pn~ and for k = 1, . . . , g. 

Claim. The pure braid group 7Tx(Fx in Y,D) is generated by Pik.Tik and Ay where i,j = 
1, . . . , n, i < j and k = 1, . . . , g. 

Proof. This is proved by induction on n. When n — 1 the claim is obvious. Let n > 2. 
Consider the fibration F 1)n Y — > Fx >n ^iY defined by (yx, 2/2, • • • , y n ) —* (V2i ■ ■ ■ j Vn)- O ne nas 
an exact sequence 

1 -»■ ttx(Y - {b , b 2 , . . . , 6 n }, 60 -> 7ri(Fi, n y, (61, . . . , 6 n )) -> 7ri(Fi if ^ a y, (fo 2 , • • • , 6„)) -> 1 
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since ^(i^n-i^O = 1 by |FNj . Corollary 2.2. The elements pik,Tik,Aij with i>2 map to 
the corresponding elements in 7r 1 (F l n _ 1 F, (6 2 , • • • , b n )). The group 7Ti(Y — {b , b 2 , ■ ■ ■ , b n }, bi) 
is freely generated by elements which map into pi t k, T\ t k, Aij where j > 2, fc = 1, . 
This shows the claim. □ 

Following |Fuj p. 547 and using the notation of ll.2l let us denote by Ri the simply connected 
region of R enclosed by the arcs £j and £ i+ i and the arc of L from b, L to b i+ \. For every 
i = 1, . . . , n— 1 choose simple arcs : [0, 1] — > K going from bi to in i?j and : [0, 1] — > Y 
going from to 6j in i?'. Let : [0, 1] — > K^ n ^ — A be the closed arc 

Si(t) = {&!,..., &j_i,J/i(f),77i(t),& <+a ,..., & n } 

The homotopy class of Sj is denoted by cr,. We may consider 7r 1 (F l n (F), D) as embedded in 
7Ti((F — bo)^ — A, D). The following relations are easy to verify (cf. |FB| p. 249) 



Pi+ljc — °~iPik°~i > T i+l,k — i r ik°~i 1 



(7) 



Proposition 1.6 (Birman). Let a,b G Z, 1 < a, 6 < n. The braid group 
7Ti((y — 6 ) ( ' n - ) ~~ A, D) zs generated by o~j,p a k,T bk where 1 < j < n — 1, I < k < g. 
The corresponding homotopy classes generate 7ri(Y( n ) — A, D) as well. 

Proof. Let us consider the exact sequence Eq.(f5|l . The braids aj map to the transpositions 
(j j + 1), j = l,...,n — 1 which generate 5* n . So &j, Pik,Tik, with i < j generate 
7ri((y — &o)^ — A, D) according to the claim proved in 11.51 The relations Eq.((7j) show that 
the generators may be reduced as stated in the theorem. The last statement follows from 
the surjection tti((Y - 6 ) (n) - A, D) -» ^(F^ — A, D). □ 

We described in 11.51 closed arcs in (Y — b Y n ^ — A based at D — {bi, . . . , b n } whose 
homotopy classes form a system of generators o~j,pik,T ik for 7i"i((Y — bo)^ — A,D). Our 
aim now is for each of these to construct a homotopy of the standard system of closed arcs 
7", a%, f3% as in 11.31 This will permit us to calculate eventually the corresponding braid 
moves of the Hurwitz systems. The calculation of the braid moves aj, j = 1, . . . , n — 1 is 
due to Hurwitz (cf. |Huj or e.g. jVoj . Theorem 10.3). We define closed arcs 5k : [0,1] — > 
Y, 4(0) = 4(1) =6 , k = 0, 1, ... ,g as follows. We let 5 (t) = b , Vt E [0, 1]. We connect 
the initial vertex of a% with the end vertex of /3-f in the 4g-polygon of Figure ^ by a simple 
arc which belongs to the region R' on the right of L (cf. II. 2j) . This yields S\. We connect the 
initial vertex of ct\ with the end vertex of /XT 1 by a simple arc which belongs to the region 
on the right of L and on the left of Si. We denote the corresponding closed arc of Y by 82- 
Continuing in this way we obtain 61,62, ... ,S g (see Figure EJ). Clearly 6k — [ati, /3i] ■ ■ ■ [a/-, Pk] 
inY — D and 5 g ~ 71 • ■ ■ 7 n according to Eq. (J2J) . 

Theorem 1.7. Let Y be a compact, closed Riemann surface of genus g(Y) > 1. Let bo EY 
and let 7*, a^, roi/i l<i<n,\<k<gbea standard system of closed arcs as in \l. 6 A Let 
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6k, k = 0, 1, . . . , g be the closed arcs defined above. For each of the closed arcs in (Y— 6o) A 
constructed in M.R and representing Cj,pik,T ik there is a homotopy jf, a k ,/3 k , u G [0,1] of 
the standard system of closed arcs such that the end system 7^ a' k , (3' k , 1 <i <n, 1 < k < g 
is homotopic to: 

a. for Oj where 1 < j < n — 1 

l\ - li for Vz ^ j, j + 1, a' k ~ a k , (3 k ~ f3 k for VA; 
ij - 7i+i, 7j+i - 77+i7i7i+i 

6. for p ik where 1 < i < n, 1 < k < g 

l'j - lj for Vj ^ i, a' e ~ a e for W, f3' e ~ (3 £ for W ^ k 
7i - Viklilhki A - (dkliC,i k )l3k, where 

Hik ^ (7l • • •7i-l) _1 4-l«fe(^fc 1 ^)(7i+l • • -7n)~\ Cife - (^fe 1 ^)(7i+l • ■■ln)~ l 

c. for r ik where 1 < i < n, 1 < k < g 

l'j — 7j M Vj ^ i, a' £ ~ a t for W 7^ A;, f3' £ ~ (3 e for W 

ii ^ v>ikliVi k , a'k ^ (6fc7 l rl G 1 )«fc> w/iere 
^ ^ 7»+i • • -7n(5 fc ^^"Vfc^fciiTi • • -7<-i> 6k - 5 fc-i7i • • -7i-i 

For each of the inverse closed arcs corresponding to crj 1 , p^}, t^} there is a corresponding 
homotopy of the standard system 7$, cKfc, 1 < i < n, 1 < A; < g such that the end system 
H, a'l, (3'1, 1 < i < n, 1 < k < g is homotopic to: 

d. for o~J where 1 < j < n — 1 

H - li for Vi ^ j, j + 1, a£ ~ a k , (3 k ~ /3 fc /or VA; 
7? - 7j7j+i77~\ 7^i ^7i 

e. /or p^, where 1 < i < n, 1 < k < g 

7 ;~ 7j forVj^i, a'l~a £ forVi, ft ~ fa forMt^k 
ii - ^kliVik, Pk ^ (C ifc 1 7 i rl Cife)/3fc, w/iere 
Pik is as in (b) and Q k ~ (71 • • • 7i-i)~ 1 4-ictfc 

/. /or r~ k l where 1 < i < n, I < k < g 

7}' ~ 7j - /or Vj ^ i, a" ~ or* /or W ^ fc, ~ A /or W 
7? - VikliVih, a'k - (iikliiik)a k , where 
v ik is as in (c) and i ik ~ ( 7i+ i • • -7n)(^ 1 6 g )~~ 1 Pk 
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Figure 3: Homotopy along p^. 



Proof, (a) Here one moves only jj and 7^+1. Clearly 7^ ~ 7 J+1 and 7,77+1 — T^tJ+u so 
^ 7, r +i7j7j+i- 

(b) The effect of the homotopy of ji,ak,(3k along p ik is pictured on Figure El One 
moves the point hi along the arc pictured on Figure El and together with it deforms 
the closed arc 7*. At the moment 7" reaches the side (3k one deforms also (3k in order 
that the condition 7" and /3£ have no points in common except b Q remains valid. None 
of 7j for j 7^ i, or for W, or for W 7^ changes in this homotopy. The effect of 
cutting Y along the closed arcs aii, (3%, . . . , ctk, (3' k , ■ ■ ■ , a g , (3 g is the same as to cut a region 
containing hi from the original 4g-polygon and glue it along the side (3i as described in 
Figure E] (NW) (NW=Northwest). We wish to express 7^ in terms of the standard sys- 
tem jj,ae,Pe, 1 < j < n, 1 < £ < g. The closed arc 7^ is pictured in the original 
4g-polygon on Figure El (NE). It is clear that 7^ ~ VikliVik where 77^ is the closed arc 
pictured on Figure El (SW). That 77^ is homotopic to (71 • ■ • 7i-i) _1 (5fc-i«fc)5fc 1 (7i • ■ -Ji-i) 
is evident from Figure El (SE). Furthermore rjikjii]^, — {'r]ik r Yi)ji{'ilik r Yi)~ 1 - Using the rela- 
tion 71 ■ • -7 n ~ 5 g we obtain 77^7* ~ (71 • • • 7 i _i)~ 1 4_ia fc (5 A ; 1 (y (7^+1 • ■■^ n )~ 1 - This proves 
the formula for 7- of Part (b). The calculation of (3' k is similar. The closed arc (3' k is pic- 
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tured in the original 4g-polygon on Figure 0] (NW). It is nomotopic to uJik ■ (3k where Uik 




Figure 4: 

is the closed arc based at b pictured on Figure |U (NE). We then consider S^uJik^ 1 (see 
Figure E| (SW)). The latter is homotopic to (71 • • • 74-1)71(71 • • • 7i_i)~ 1 . We thus obtain 
^ik ^ 1 li ■ ■ ■ 7i-i)7<(7i " " " 7i)~ 1 4- We then have 

^ik ^ ^ 1 (7i ■ • • 7t-i7i)7i(7i ' ' ' 7i-i7i)~\ 
- l S k l6 a(li+i ■ ••lnY 1 \li[li+i ■ ■■ln$g 1 $k\ 

since 7x • • • r f n c± 5 g . This proves the second formula of Part (b). 

(c) The arguments here are very similar to those of Part (b). One deforms 7^ and 
with 6" moving along the arc to, (see Figure |2J). When 6" returns to &j one obtains closed 
arcs jl and a! k for which 7- ~ 0%kli@ik ■> a 'k = £ ik&k where 0^ and Eik are represented by arcs 
in the original 4g-polygon pictured on Figure El We calculate Oik in the following way. We 
consider it as a product of four arcs according to the picture. We deform Oik in such a way 
that the first arc becomes a closed simple arc encircling . . . , 6j} in clockwise direction, 
then the second arc goes from the initial point of a,\ to the end point of , the third arc 
goes from the initial point of to the initial point of a± and the fourth arc equals the first 
one with the opposite orientation. We have accordingly 

ik ^ (71 • • ■l/i)~ 1 (5kPk)5k-i('Yi "'7i) 
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Figure 5: 



Conjugating 7j by 6 ik we may cancel the last factor 7, from 9 ik and replace (71 • • - 7*) 1 by 
(li+i ■ ■ ■ Tn)^ 1 - We thus obtain 7- = VikliV^ where 

^ ^ (7i+i---7n)(^ 1 5 9 ) _1 /3fc^i(7i---7i-i) 

Finally, 8k-x £ ik&k-i — (71 • • • 7«-i)7 l ~ 1 (7i ■ • • 7i-i) -1 - This proves the last formula of Part (c). 

In order to obtain the formulas of (d), (e) and (f) from those of (a), (b) and (c) we 
notice that if we apply in each case to (7", . . . , 7"; a", . . . , fi" g ) the braid moves (jj, pn~, r ik 
respectively we obtain (71, . . . , j n ; ax, ■ ■ ■ , /3 g ). For example, in order to verify (d) we have 
7j - Tj+i, 7j+i - (ij+xTWjlj+x- Therefore 7? ~ Ijlj+ilJ 1 - In Case (e) applying p ik to 
(7", . . . , j3g) we obtain jj ~ j'- for Vj 7^ i, an ~ a" t for W, ~ (3" for W 7^ fc. Furthermore 
7j ~ ^"k7i (fJ'ik)' 1 where /x" fc is expressed by 7", a", (3" as in (b). Since neither 7" nor 
enter in this expression we may replace 7", a", f3" by 7,, a&, fie and we obtain fi" k = p ik . Thus 
7i' - Ihkli^ik- Similarly we have f3 k = {C, ik lKk l )§k where ( ik is as in (b). Replacing i[ 
by fi~ k ^ifi%k an d canceling we obtain (3 k = {(,~ k % l (,ik)l3k where ( ik is as in (e). In a similar 
manner one deduces (f) from (c). □ 

Recall from 11.11 and 11.21 that given D E — A, bo E Y — D and fixing a stan- 

dard system of closed arcs 71, ... , 7 n ; ax, fix, ■ ■ ■ , a g, fig there is a bijective correspondence 
between the fiber of Hf } (Y, b ) -»• (Y - b )^ - A over D and the set of Hurwitz systems 
(tx, ■ ■ ■ , t n ; Xx, fjLx, ■ ■ ■ ,X g , fig). Similarly there is a bijective correspondence between the fiber 
of U(bo) — > (Y — 60)^ — A, where U(b ) C H^\y), and the set of equivalence classes of 
Hurwitz systems [tx, ■ ■ ■ , t n ; Xx, fix, ■ ■ ■ , X g , fi g ]. In the next theorem we calculate the mon- 
odromy action of 7Tl((Y — &o)^ — A, D) on these fibers. According to Proposition 11.61 it 
suffices to determine the braid moves which correspond to the generators <Jj,pi k ,r ik . We 
denote the corresponding braid moves of the first type (cf. Definition HJ) by <Jj,p' ik ,T- k and 
we denote the corresponding braid moves of the second type (inverse to those of the first 
type) by o] , p" ik ,r'l h . 



12 



Theorem 1.8. Let (tx, . . . , t n ; Xx, fix, . . . , X g , fi g ), X g+k = fi k , be a Hurwitz system. Let u k = 
[Ai, /ii] • • • [Afe, Uk] for k = 1, . . . , g and let u = 1. TTie following formulas hold for the braid 
moves (ti, . . . , t n ; Ai, fix,---, X g , fi g ) ^ (t[, . . . , ^; Ai, /4, • • • , A g , ^) o/ £/ie /irsi iype. 
a. For a'j where 1 < j ; < n — 1 

<i = *i /° r Vi 7^ 3, 3 + !, A^ = A £ , ^ = /i £ for W 

(*i,*i+0 ^ = iOO-i'/'O)- (8) 

6. For p- fc where 1 < i < n, 1 < /c < o 

t; = t,- forVj^i, A^ = A, /orW, ^ = ^ forW^k 
>-> (4^1) = (ar^ai) (KW)^) where 

c. For r/ fe where 1 < z < n, 1 < k < g 

if. = tj for Vj ^ i, A^ = A* /or W ^ fc, ^ = ^ /or W 
(*i,A fe ) h-> (j-,A^) = (c^HiCi,(d^Hidi)X k ) where 

C\ = t i+ i ■ ■ • t n (u^ 1 U g )~ 1 flk(uk-l)~ 1 ti • • ■ U-i, di = t i+ i ■ ■ ■ tniu^Ug)' 1 fl k . 

The following formulas hold for the braid moves (tx, . . . , t n ; Ai, fix, . . . , X g , fi g ) h- > 
{t'i: ■ ■ ■ , C A?, /i'/, . . . , Ag, /ig) o/ £/ie second iype. 

d. For a" where 1 < j < n — 1 

*i = *» / or v * 7^ J) J + 1, A/ = A/, /i£ = fit for W 

(tj,t j+1 ) i-> (t",t" +1 ) = (tj+i , t j+1 tjt j+1 ). (9) 

e. For where 1 < i < n, 1 < < o 

*J = ^ / r Vj ^ i, A; = A £ /or W, /4' = ^ /or Mt^k 
(tiit*k) ^ (*">/40 = (0'2 lt i a 2,{ b 2 lt i b 2)l^k) where 

a 2 = t i+ i ■ ■ ■ tniu^U^X^iUk-iY 1 ^ ■ ■ ■ ti-!, b 2 = U+x ■ ■ ■ tniu^UgY 1 . 

f. For r-' k where 1 < i < n, 1 < k < g 

f^tj forVj^t, X'f = X e forW^k, n» = N forMt 
(ti,X k ) ^ {t'lA'D = (c2 1 t i c 2 ,(d2 1 t^ 1 d 2 )X k ) where 

C 2 = (tx ■ ■ ■t i ^ i y 1 U k -X^ k 1 {u k 1 U g )(t i+1 ■ ■ - tn)" 1 , d 2 = (tx ■ ■ -ti-X^Uk-x- 

Proof. Formulas (d), (e) and (f) are obtained from formulas (a), (b) and (c) of Theorem 1 1.71 
respectively applying the homomorphism m : ttx(Y — D, b ) — > Sd and equalities Eq.(jlJ) and 
Eq.©. By Lemma ll.4l the braid moves of the first type are inverse to the braid moves of 
the second type. We may thus obtain formulas (a), (b) and (c) from formulas (d), (e) and 
(f) of Theorem 11.71 respectively applying the homomorphism m. □ 
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Corollary 1.9. Using the notation of Theorem \l.& the following formulas hold, 
i. For p' ik : 

Pnk -t n ^t' n = a^H n ai, where a x = (u^Ug)' 1 ^, \ k ]\ k (ul l u g ) 

p'ik ■ Pk ^ Pk = (b^t^b^fik, where b x = M fc _iA fe 

Pnk '■ Pk >-> Pk = {bjW)pk, where b x = (u^V,) -1 ^, \ k ]\ k . 



ii. For r- k : 



T ik '■ *i ^ A = c i ^lCi) 



T 'ik '■ 

T 'nk ■ h 



^'k — (^1 tidi)X k , 



where c x = u k ^i[X k , p k ]p k u k \ 
where d\ = u fc _i[A fc , p k ]p k 
where d\ = (u^Ug)' 1 p k . 



Hi. For p" k 



p'[ k : ti i-> t'[ = a 2 1 t 1 a 2 , 



Pik 

Pnk 



Pk !-> P k = {u^hUkjPk, 
Pk ^ Pk = (K^nbljPk, 



where a 2 = u k -i[X k , p k ]X k 



where b\ = (u k u g ) . 



iv. For t"j, : 



where c 2 = (u k u g ) [p k ,X k ]p k (u k u g ) 



a , ,ii —l, 

T nk '■ l n l— ^ l n ~ C 2 l nC 2 , 

r" k ■ h >-> K = (uj^i*rV-i)Afc, 
T r [ k : X k h-> X'l = (d 2 1 t~ 1 d 2 )\k, where d 2 = (u^Ug)" 1 ^, h). 



In particular 



Pug ■ Pg ^ tnPg, ^1 = M ^ *i %■ 



(10) 



Proof. Let us prove the first formula of Part (ii). The other formulas can be either proved sim- 
ilarly or are restatements of particular cases of Theorem II .81 We have r[ k : t\ i— > t[ = c\ l t\C\ 
where c\ = t 2 ■ ■ ■ t^u^Ug)" 1 p k u k ^ v Since U ■ ■ -t n = u g it holds (t 2 ■ ■ -t n y l ti(t 2 •••£„) = 
u~ l tiUg. Hence 

t[ = (u fc _ 1 ^ fc 1 M fc 1 )ti(---) _1 = K-iMfc^A^Mfc]" 1 ^-!^!---)" 1 
= (u k -i[X k , p k ]p k u k \) h (u k -i[X k , p^PkU^x) 

□ 



Summing up the discussion made so far in this section we obtain the following result. 
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Theorem 1.10. Fix d > 2, n > 0, g > 0. Let us consider the set of all Hurwitz systems 
(ti, . . . ,t n ] A 1; fj,i, . . . ,X g , p g ) (cf. Definition QJj. Let F be the free group generated by the 
symbols o~j,pik,Tik where 1 < j ' < n — 1, 1 < i < n, 1 < k < g. Let us consider the 
right action of F on the set of Hurwitz systems defined by the formulas for c'j,p' ik ,T- k of 
Theorem M.Sl (a)-(c) or alternatively let us consider the left action of F on the set of Hurwitz 
systems defined by the formulas for a" , p'- k , r" k of Theorem \1.8\ (d)-(f). Then the connected 

components of H, d n '(Y,bo) (cf. \1.1\) correspond bijectively to the orbits of either action of 
F and the connected components of H d (Y) correspond bijectively to the orbits of either 
associated action of F on the set of equivalence classes of Hurwitz systems modulo inner 
automorphisms of Sd- 

Proof. H d n) (Y,b ) -> (F-6o) (ri) -Aisa topological covering map where a Hausdorff topology 
on H d n \Y,b ) is defined as in |Fuj pp. 545, 546. According to the definition of product of 
arcs Eq.Q the monodromy action of the fundamental group 7i"i((Y — &o) — A, D) on 
the fiber over D is a right action. The identification of this fiber with the set of Hurwitz 
systems, Proposition 11.61 and the calculation of the braid moves of the first type o~j,p' ik ,T- k 
in Theorem 11.81 yield the statement about the orbits of the right action of F. 

Consider the associated left action gx = xg^ 1 . The orbits are the same and according 
to Lemma H~4l the braid moves of the second type a", p'[ k1 r" k are inverse to those of the first 
type o-j,p'ik, T ik respectively. This shows the statement about the orbits of the left action of 
F. 

Let bo e Y. Since U(bo) C 7ij(Y) (cf. II. lj) is a Zariski dense open subset, the connected 
components of U(bo) correspond bijectively to those of 7i, d ? (Y). This shows the last claim 
of the theorem. □ 



2 The main lemma 

In the previous section we considered Hurwitz systems (ti, . . . , t n ] Ai, pi, . . . ,X g , p g ) where 
ti, Afc,/ifc G Sd in connection with the problem of determining the connected components of 
the Hurwitz spaces. In this section we replace Sd by an arbitrary (possibly infinite) group 
G. 

Definition 3. Let G be an arbitrary group. We call (t±, . . . , t n ; Ai, pi, . . . ,X g , p g ) a Hurwitz 
system with values in G if t t , A&, ^ G G, tj / 1 for Vz and t\ • • • t n = [Ai, pi] ■ ■ • [X g , p g ]. 

The formulas of Theorem 1 1 . 81 make sense for an arbitrary group G. That a" = (o-j)~ l , p" ik = 
(Pik) -1 an d T ik = ( r ifc) _1 IS evident from Theorem 11.71 

Definition 4. We call two Hurwitz systems with values in G braid-equivalent if one is 
obtained from the other by a finite sequence of braid moves a'p p' ik , r^, crj, p" k , r" k where 
1 < j < n — 1, 1 < i < n, 1 < k < g. We denote the braid equivalence by ~. 
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Main Lemma 2.1. Let G be an arbitrary group and let (tx, . . . ,t n ; X\, pi, . . . ,X g , p g ) be a 
Hurwitz system with values in G. Suppose that tjtj+i = 1. Let H be the subgroup of G 
generated by {tx, . . . , U-x, t i+2 , . . . , t n \ Ai, px, . . . ,X g , p g }. Then for every h G H the given 
Hurwitz system is braid- equivalent to (tx, . . . , U-x, t\ , t i+2 , . . . , t n ; Ai, pi, . . . , X g , p g ) 

Proof. Let us fix tx, ■ ■ ■ , t i+2 , . . . , t n ; Xx, px, ■ ■ ■ , X g , p g . Let Hx C H be the subset con- 
sisting of elements h such that the statement of the lemma holds for an arbitrary pair 
(t h t i+1 ) = (t,^ 1 ). 

Step 1. We claim Hi is a subgroup of H. Let h G Hi and let t = htih~ x . Then ti = t h , so by 
assumption (. . . , t h , (t~ x ) h , . . .) can be obtained from (...,£, t~ l , . . .) by a sequence of braid 
moves. Then one can obtain (. . . , t, t -1 , . . .) from (. . . , U, t~[ , . . .) by the inverse sequence of 
braid moves. Thus h' 1 G H x . If hx, h 2 G H u then (. . .,t h tr l , . . .) ~ (. . . ,t^, (t; 1 ) 111 ,. . .) ~ 
(...,t h \(t- l ) h ^,...),so hxheHx. 

Step 2. For every I ^ i,i + 1 the element ti belongs to Hx. Applying a sequence of braid 
moves cr'j,&j we can move the adjacent pair (ti,t i+ i) wherever we want among the first n 
elements of the Hurwitz system without changing the other elements. So move (ti,t i+ i) to 
the left side of t e . Then we have (ti,t i+ i,ti) ~ {ti,ti,tj tj+iig) ~ (ti,tj 1 t i t£,tjti + x'te)- We 
then move the pair with h = tt back to the initial position. 

Step 3. For every k = l,...,g the element h = Uk-iXkU k l belongs to Hx. First sup- 
pose that i = 1. In this case t 2 = . Let us perform a braid move p' lk . One obtains 
(*i,tiV..,A fc ,f/fc, ...) ~ (t'i,t^ l ,...,X k ,n' k ,...) where t[ = a^Hxax with ax = 
u k -iX k {u k l u g )(t 2 ■ ■■t n )~ l and p' k = (b^H^bx)^ with b x = u k -xX k . We have t 1 ---t n = u g , 
so ai = Uk-iXkU^ti. Let us move t 2 = t^ 1 to the first place using a". One obtains 
(ti ,txtf x ti , . . . , X k , p' k , ■ ■ •)• Here txt[ti = where ft, = Uk~iXkU k l ■ Let us perform again 
The elements w^-i, A& have not changed with respect to the original Hurwitz system, so 
p' k i— > [(Mfc_iAfe) _1 (tf 1 ) _1 ('U / t_iAfe)]/i^. = /ifc. Moving the second element t\ to the first place 
by a" we obtain (t^ 1 , i 2 , £3, • • • , X k , p k , • • •)• Since tiM3 • • • t n = u g = t^t^ • • • t n we must 
have t 2 = (ti 1 ) h . This proves (ti, t] -1 , t 3 , . . .) ~ (t\, (t^" 1 ) 71 , ^3, • • •) with h = u k -iXkU k l . One 
extends this braid equivalence to every adjacent pair (ti, with ttt i+ i = 1 by moving first 
the pair to the front, applying the braid equivalence we have just proved and moving the 
obtained pair back to the original position. 

Step 4. For every k = l,...,g the element h = Uk-ip k l u k l belongs to Hx. The proof is the 
same as that of Step El One uses the braid move r" k instead of p' lk . 

Step 5. By the preceding steps it remains to verify that X k , p k for \/k belong to the subgroup 
H 2 C Hi generated by tj, Uk-iXkU^ 1 , u k ^xp k u k where j = 1, . . . , i — 1, i + 2, . . . , n and k = 
1, . . . ,g. We prove this by induction on k. We have Xiu^ 1 G H 2 , UxHx — {^i 1 ^ 1 ) 1 £ H 2 , 
so Xifii G H 2 . Furthermore H 2 3 Ux/ix = [Ai,/ii]/ii = Ai/iiAf 1 . So A x G H 2 and /x 1 G H 2 . 
Let k > 2. Suppose, by inductive assumption, that Ai, fit, . . . , X k -x, ii k -x belong to H 2 . 
Then u k - X = n^it^^H e H 2 . We have u^iX^ 1 G H 2 , u k \i k u k \ = (uk-ip^u^y 1 G 
H 2 , so u k ^iX k PkU k \ G H 2 and therefore X^^k £ H 2 . Furthermore H 2 3 u k PkU k \ — 
u k -x[X k , fJ, k )fJ, k u k ^i. Therefore Xk^kX^ G H 2 , so A^ 1 G H 2 and p^ 1 G H 2 . 



16 



The lemma is proved. 



□ 



3 The case n > 2d - 2 

So far we have not made any restrictions on the type of the covering it : X — > Y. We shall be 
further occupied mainly with simply branched coverings with connected X. These coverings 
correspond to Hurwitz systems (ti, . . . , t n ; Xi, pii, . . . , X g , p g ) with local monodromies ti = 
m(7j), % = l,...,n equal to transpositions and with transitive monodromy group G = 
(ti, . . . , t n , Ai, fa, . . . , X g , fig)- We call such coverings simple coverings. By Hurwitz' formula 
n = 0(mod 2) for a simple covering. 

Definition 5. Let Y be a smooth projective curve. We denote by TCd,n(Y, b ) and TCd, n (Y) the 
Hurwitz spaces which parametrize equivalence classes [X — > Y, 0] and [X — > Y] respectively 
of simple coverings of degree d branched in n points (cf. 11.1)1 . 

As a first application of Theorem II. 1UI we give a proof, using braid moves, of the following 
well-known fact. 

Proposition 3.1. Let n > 0, n = 0(moo?2). TTie Hurwitz spaces Ti.2,n0^: ^o) ° nc ^ 7~(-2,n(y) 
which parametrize double coverings of Y branched in n points are both irreducible. 

Proof. Since TCz !n (Y, b ) and W2,n(^) are smooth it suffices to prove they are connected. Let 
us first consider H2,n(Y, bo)- By Theorem II .11)1 it suffices to prove that every Hurwitz system 
(ti, ...,t n ; \i,Hi, . . . , \ g ,fig) withtj, X k ,fih e ^2 is braid-equivalent to ((12), . . . , (12); 1, 1, ... , 
1,1). According to Theorem EH1 one has p' ik : (U,fi k ) ^ (U,Ufi k ), r[ k : (U,X k ) ^ (U,tiX k ) 
and the same formulas hold for p'- k and r-' k . Hence whenever some A^ ^ 1 or p k ^ 1 we 
can perform a braid move r[ k or p' lk respectively or both in order to obtain a new Hurwitz 
system with X' k = p' k = 1. The connectedness of Ti.2,n{Y, bo) implies the connectedness of the 
Zariski dense open subset U(b ) C 7^2,n00- Therefore H.2,n(X) is connected as well. □ 

Given an ordered n-tuple of permutations t= (ti, . . . , t n ) whose product t\ ■ ■ -t n — s £ 
Sd, performing an elementary move a'^ or a" one obtains a new ordered n-tuple (t[, . . . ,t' n ) 
which has the same product t[ ■ • ■ t' n — s. We shall also call ordered n-tuples sequences. 

Definition 6. Two ordered n-tuples (or sequences) of permutations t = (ti,...,t n ) and 
f = {t' x , . . . ,t' n ) are called braid-equivalent if f is obtained from t by a finite sequence of 
braid moves of type a'j or a". We write f ~ t. 

Notice the difference between braid equivalence of sequences and that of Hurwitz systems 
(cf. Definition HJ) . The latter includes also braid moves of the types p' ik , p" ik , r[ k , r" k . 

3.2. We recall some results proved in |Moj . Given a permutation s G Sd one considers an 
ordered n-tuple of transpositions t — (ti, . . . , t n ) such that t\ • • ■ t n = s. Let Ej, E 2 , . . . , E m 
be the domains of transitivity of the group G = (ti, . . . , t n ). Then G = S(Ei) x • • • x S (S TO ) . 
For reader's convenience we give a proof of the following important lemma due to Mochizuki 
(cf. [Mo] Lemma 2.4). 
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Lemma 3.3. Let t = (ti,...,t n ), t\- ■ -t n = s be as above. Let a,b G Ej, a < b. Then 
t~£= ((ab),t' 2 ,...) andt~f = (. . . , t£_ 1} (ab)). 

Proof. If is a pair such that tj G S'(Efc), t i+1 G S'(E^) with k ^ £, then (i i( t i+1 ) ~ 

(^i+ij ^i+i^A+i) — (t i+ i,ti). This shows that performing a sequence of braid moves (of type 

a'j, a") one may replace t by a concatenation of sequences T{L 2 . . . T m where Tj is formed by 

all transpositions of t which belong to S'(Ej) ordered in the way they appear in t (if # Ej = 1 

we let Tj = 0). Furthermore we may move any Tj to the first place or to the last place. This 

shows that it suffices to prove the lemma in the particular case when (t\, . . . , t n ) is a transitive 

group. Let b = a T where r = t^t^ ■ ■ -tj r One may vary the sequence within the set of 

sequences braid-equivalent to t. Given a sequence one may vary r so that b = a T and finally 

given a sequence and a r one may vary the factorization of r. Let t', r' with the property 

a T = b and a factorization r' = t' ix ■ • ■ # be chosen so that r is minimal possible. If r = 1 

one has that (ab) is one of the transpositions of Moving (ab) to the front by subsequent 

elementary moves o~" one obtains a braid-equivalent sequence of the type ((ab), . . .). Moving 

(ab) to the end by subsequent elementary moves one obtains (. . . , (ab)) as required in 

t' f ■■■t' 

the lemma. Suppose that r > 2. Let Xi = a, x 2 = a l i , . . . , = a l i ** , . . . , x r+ i = b. 
The minimality of r implies that Xi ^ Xj for i ^ j, so t\ = (x& x^+i) for k = 1, . . . , r are 
r different transpositions of the sequence f and every Xi for 2 < i < r enters in at most 
two transpositions of the set {t' ik }. Applying several elementary moves one places (0x2) 
adjacent to (x 2 x 3 ). One obtains a sequence either of the type . . . , (ax 2 ), (x 2 x 3 ), ... or of 
the type . . . , (x 2 x 3 ), (ax 2 ), ... in which none of t[ , k = 1, . . . , r has been changed. In the 
first case one has ((ax 2 ), (x 2 x 3 )) ~ ((x 2 x 3 ), (ax 3 )) and in the second case ((x 2 x 3 ), (ax 2 )) ~ 
((ax 3 ), (x 2 x 3 )). In both cases one obtains a braid-equivalent sequence for which the sequence 
a = Xi,x 2 ,x 3 , . . . ,x r+ i = b is replaced by a = Xi,x 3 , . . . ,x r+ i = b. This contradicts the 
minimality of r. □ 

3.4. Let (t 1 , . . . , t n ) be an n-tuple of transpositions and let t\ ■ ■ ■ t n — s. Let A 1; . . . , A q be 
the domains of transitivity of the cyclic group (s) where #Aj = > 1. Following |Moj 
pp. 369, 370 if s — Si ■ ■ ■ s q is the corresponding product of independent cycles we may write 
Si = (lj2j . . . (ei)i) if e» > 1 and Sj = (lj) = 1 if = 1. Such a representation is uniquely 
determined by s if we assume that that lj is the minimal number among Aj for each i 
and if we order Aj in such a way that li < I2 < • • • < l g . Let ej > 1 and let Z\ be the 
sequence ((lj2j), (lj3j), . . . , (lj(ej)j)). If ej = 1 one lets Zj = 0. Let Z be the concatenation 
of sequences Z = Z\Z 2 . . . Z q . The sequence Z consists of iV = X]j=i( e » ~ 1) transpositions 
whose product equals s. The following theorem is proved in |Moj pp. 369, 370. It can also be 
deduced from the earlier paper of Kluitmann |Klj . 

Theorem 3.5. Given a sequence of transpositions t = (t 1; . . . ,t n ) satisfying t\ ■ ■ -t n = s 
and such that (tx,...,t n ) is a transitive group (therefore = Sd), there is a braid- equivalent 
sequence (t[, . . . , t' n ) which has the following form 

where n — N = 0(mod2) and 
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1. ifq= 1, then t\ = (li2i) /or Vz > N + 1 

2. if q > 1 £/ien 

(C+i' ■ • • ' O = (( lll2 )> ( lll2 )> ( ll13 )' ( lll3 )> • • • ' fa 1 ^ C 111 *)) 

where each (lilf) appears two times if 2 <i< g — 1 and (lil 9 ) appears an even number 
of times . 

Corollary 3.6. Le£ t = (ti,...,i n ) 6e a sequence of transpositions in Sd which generate 
a transitive group. Let s = tf--t n and let A 1; ...,A 9 be the domains of transitivity of 
the cyclic group (s). Suppose that q > 2. Let a G A», 6 G Aj where i ^ j. Then t is 
braid- equivalent to a sequence (. . . , (a&), (ab)). 

Proof. Let us consider the group S q which permutes the indices of Aj, i = 1, . . . , g. Let 
r i — T 2) ■ ■ • j T q-i be transpositions in S q which generate it. We let a, = a, = b 
and choose arbitrarily G A^ for each k ^ i,j. If = (a,/3) we consider the pair of 
transpositions (a a a/3), (a a ap). We then consider a sequence of n transpositions in Sd which 
is a concatenation of the sequence Z, of the pairs associated with n, r 2 , . . . , r g _i and of the 
sequence (1 2), . . . , (1 2) with (12) repeated an even number of times. We obtain a sequence 
Z, (ab), (ab), . . . with product s which generates a transitive group. According to Theorem l3.5l 
this sequence is braid-equivalent to t. Moving the pair (ab), (ab) to the end we obtain the 
required sequence. □ 

3.7. Given a permutation s G Sd whose domains of transitivity are A 1; . . . ,A q with # Aj = 
we let \s\ = Y^i=i( e ~l)- Let us consider a sequence of transpositions t = (ti, . . . ,t n ), ti G Sd- 
Let E = {Ei,...,E m } be the domains of transitivity of the group (ti, . . . ,t n ). We let 

|S| = E?=i(#Ei-l)- 

Lemma 3.8. Lei t = (ti, . . . , t n ) be a sequence of transpositions and let t± ■ ■ -t n = s. Then 
n + \s\ = 0(mod2) and n + \s\ > 2|E|. //" n + \s\ > 2|E| i/ien i/iere is a sequence f braid- 
equivalent to t such that t' n _ l = t' n and t[, . . . , t' n _ 2 generate the same group as t±, . . . ,t n . 

Proof. It is clear that every A« belongs to some Ey. Furthermore one may replace t by a braid- 
equivalent sequence which is a concatenation T1T2 . . . T m of sequences Tj whose elements 
belong to S'(Ej-) (cf. the proof of Lemma if #Ej- = 1 one lets Tj = 0). It thus suffices 
to prove the lemma in the case when (ti, . . . ,t n ) is transitive, which we further assume, so 
E = {Ei}, |E| = d — 1. Let us consider the braid-equivalent sequence t' of Theorem 13. 51 The 
subsequence Z has N = \s\ elements. The remaining n — \s\ elements appear in pairs and 
their number is at least > 2(q — 1) since (t[, . . . , t' n ) is a transitive group. If n— \s\ > 2(q — 1) 
the pair (lil g ), is repeated at least twice, so canceling it from the sequence does not 

change the group generated by the transpositions t\. One has Ei = Uf =1 Aj, so d — \s\ + q. 
Adding 2|s| to both sides of the inequality n — \s\ > 2(q — 1) we obtain the equivalent 
inequality n+\s\ >2d— 2 = 2|Ei|. □ 
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Definition 7. A transitive subgroup G C Sd is called imprimitive if there is a decompo- 
sition {1, . . . , d} = |_lj=i ^* such that for Vg G G and Vi one has Ej 9 = Ej for some j and 
furthermore # Ej = e for Vz where 1 < e < d. A transitive subgroup G C Sd which is not 
imprimitive is called primitive. 

If d is a prime number clearly every transitive subgroup of Sd is primitive. 

Lemma 3.9. Suppose that G O Sd is a primitive group which contains a transposition. Then 
G = Sd- In particular if d is a prime number every transitive subgroup of Sd which contains 
a transposition is equal to Sd- 

Proof. Let us prove that if G contains a nontrivial symmetric subgroup 5*(E) with # E < d 
then G contains a S^E') with # E' = # E + 1. Indeed, since G is primitive there are g,h G G 
such that < #(E 9 n E h ) < # E. Hence if / = Z^" 1 one has < #(E n E / ) < # E. Let 
x / G E n E-f, G E^ - E. Then x, y G E, ^£ E, yf <£ E. So E' = E U ^ E 

and ^(E') = (5(E), f~ 1 (xy)f) is contained in G. We conclude the proof of the lemma by 
induction on # E starting from E = {a, 6} with (ab) G G. □ 

To each connected component of TCd, n (Y, bo) is associated a fixed monodromy group G C 
and similarly to each connected component of Hd, n (Y) is associated a conjugacy class of 
subgroups. 

Definition 8. Let d > 2, n > 0. We denote by H dn (Y,b ) and ^ n (F)) the union of 

connected components of H d n \Y, bo) and Tl d (Y) respectively which correspond to coverings 
with primitive monodromy groups (therefore equal to Sd by Lemma iH.fJj) . 

The following theorem is due in the case n > 2d to Graber, Harris and Starr [GHSJ. 

Theorem 3.10. Let Y be a smooth, projective curve. Let b G Y. If n >2d — 2 the Hurwitz 
spaces H d n (Y, b ) andH dn (Y) are irreducible. 

Proof. The case Y = P 1 is classical and due to Clebsch and Hurwitz [Clj, |Huj . Modern 
proofs may be found in |Moj p. 368 and |Voj p. 197. Suppose that g(Y) > 1. Let us first 
consider H dn (Y, b ). Since H dn (Y, b ) is smooth in order to prove its irreducibility it suffices 
to prove it is connected. By Theorem 11.101 it suffices to show that every Hurwitz system 
(ti, . . . , t n ; Ai, n\, . . . , X g , fig) with monodromy group Sd is braid-equivalent to 

((12), (12), (13), (13), . . . , (Id), (Id); 1, 1, . . . , 1, 1) (11) 

where each (li) appears twice if 2 < i < d — 1 and (Id) appears n — 2d + 4 times. 

Step 1. We claim that every Hurwitz system (tx, ■ ■ ■ , t n ; X±, fix, . . . , X g , is braid-equivalent 
to a Hurwitz system (tx, ■ ■ ■ , t n ; Ai, fix, . . . ,X g , fi g ) such that (tx, ■ ■ ■ , t n ) is a transitive group. 
Indeed, let s = [Xx, /ii] • • • [X g , and let E = {Ei,...,E m } be the domains of transi- 
tivity of the group (tx, ■ ■ ■ ,t n ). One has |E| = d — m, so if (tx, ■ ■ ■ ,t n ) is not transitive 
then |E| < d — 1. In this case the inequality n + \s\ > 2|E| is satisfied, so according to 
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Lemma l3~B1 one may replace (t±, . . . , t n ) by a braid-equivalent sequence (t[, . . . , t' n ) such that 
t'n-i = t'n = ( a fy and (t[, . . . , t' n _ 2 ) = (ti, . . . ,t n ), so H = (t u . . . , t' n _ 2 ; Ai, fix, ... , X g , p g ) = 
5*d. Suppose that a,b £ Ej. Let h G H be such that a ft £ Si, 6^ ^ Si. Then ac- 
cording to Main Lemma 12.11 the Hurwitz system (t[, . . . , t' n _ 2 , t' n _ l , i^; Ai, /ii, . . . , X g , fi g ) is 
braid-equivalent to (t[, . . . , 4_ 2 , (t'„_ 1 ) ?t , (^) fc ; A x , /ii, . . . , A s , fi g ). If E' = {S' x , . . . , S' r } are 
the domains of transitivity of (t[, . . . ,t' n _ 2 , (t' n ) h ) then clearly |S'| > |S|. Repeating 

this argument after a finite number of steps one obtains a braid-equivalent Hurwitz system 
(ti, . . . , t n ; Ai, /ii, . . . , A a , with transitive (f la ...,t n ). 

Step 2. Let (ti, . . . , i„; Ai, /zi, . . . , A 5 , be a Hurwitz system. Suppose that X^=i(l-M + 
\fj,e\) > 0. We claim there is a braid-equivalent sequence (t[, . . . , t' n ; X[, p[, . . . , A^, fi' g ) such 
that 52f = i(|A^| + < ^f = i(|A^| + l/x^l). Let us first suppose that Ai ^ 1. Decomposing 
Ai into a product of nontrivial independent cycles and choosing one of them (ab . . . c) we 
have |(a6)Ai| < |Ai|. According to Step [T] we may replace (ti, . . . , t n ; Ai, . . . , A s , p g ) by 
a braid-equivalent system (ti, . . . , t n ; Ai, //i, . . . , X g , fi g ) such that ti, . . . , £ n generate a tran- 
sitive group. Then according to Mochizuki's Lemma 13.31 we may replace (t\, . . . ,t n ) by a 
braid-equivalent sequence ((ab), t' 2 , . . . , t' n ). Applying the braid move rfi (cf. Eq. fjTnjl ) we 
transform Ai into (afr)Ai. Suppose that Ai = 1, \i\ ^ 1. We reason in the same way 
and use the braid move p' n which transforms ((ab), . . . ; 1, H\, . . .) into (t' x , . . . ; 1, (ab)/ii, . . .) 
according to Corollary 11.91 (i). Similarly if A & ^ 1 and A^ = /i£ = 1 for W < A; — 1 we 
have Uk-i = 1 and applying the braid move r" k we transform ((ab), Xk, Pk, ■ ■ ■) into 
(t[, (ab)Xk, [ik, ■ ■ ■) thus decreasing |A&|. If /i& ^ 1, A^ = m = 1 for W < k — 1 and 
Afc = 1 we apply p' lfc to transform ((a&), 1, /i^, ■ ■ ■) into (t[, 1, (ab)p k , ■ ■ ■) thus 
decreasing 

S'tep 3. Starting with (ti, . . . ,t n ; Ai, //i, . . . , A 9 , and applying several times Step [21 one 
obtains a braid-equivalent Hurwitz system (t\, . . . , t n ; 1, 1, . . . , 1, 1). Here t\ • • -t n = 1, so 
applying the argument in the case g(Y) = (see e.g. |Moj p. 368, or Vo\ p. 197) one obtains 
the initial Hurwitz system is braid-equivalent to Eq. (jll|) . 

The connectedness of both TC^ ^Y, b ) and 7~C^ n (Y) follows now from Theorem II . 1UI □ 

Theorem 13.101 may be generalized in a straightforward manner to coverings it : X — > Y 
which have simple ramifications in all except possibly one discriminant point. The conjugacy 
classes of Sd correspond bijectively to partitions of d, namely e = {ei, e-i, . . . , e q } where 
ei > e2 > • • • > e g > 1 and e\ + ■ • ■ + e q — d. To each partition one associates the orbit of 
the permutation 

9-1 

e=(12...ei)(ei + l...e 1 + e 2 )...(^e i +l...d) (12) 

i=l 

Given a partition e let us denote by 7i.d,n,e(Y,b ) and Ti,d <n ,e(Y)) the Hurwitz spaces which 
parametrize equivalence classes [X — > Y, <j)] and [X —>■ Y] respectively, where X is connected 
and 7r : X —>■ Y is a covering of degree d with n discriminant points of simple ramification 
and one additional discriminant point whose local monodromy belongs to the conjugacy 
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class of Eq.()12p. Let Ti. dne (Y, b Q ) and 'HdnJX) parametrize such coverings with primitive 
monodromy group. 

Theorem 3.11. Let Y be a smooth, projective curve. Let b G Y . Suppose that n > 2d — 2. 
Let e be an arbitrary partition of d. Then the Hurwitz spaces TC d n e (Y, bo) and 7i d n e (Y) are 
irreducible. 

Proof. If e is the trivial partition (that is = 1 for Vz) this is the content of Theorem 13.101 
Suppose that e\ > 2. Let us denote the permutation Eq.([T2"j) by e = . . . (ei)i) 

(I2 ••• (^2)2) • • •• The theorem will be proved if we can show that every Hurwitz system 
(ti, . . . , t n , t n+ i, A 1; fii, . . . ,X g , fig) of the considered type may be reduced after a finite num- 
ber of braid moves of the types a'j, a", p' ik , p'- k , r- k , r-' k to the normal form 

{Z, ^JV+l; ■■•)^n) e 1 i 1) 1) • • • ; 1) 1) 

where the n-tuple of transpositions (Z, t' N+1 , . . . , t' n ) is the one defined in 13.41 and Theo- 
rem 13.51 First using braid moves of type a'j we may replace the original Hurwitz system 
by one for which t n+1 belongs to the orbit of e. We then let s = [Xi, pi] ■ ■ ■ [X g , H g ]t~+i and 
repeating the arguments of the proof of Theorem I3.1UI we obtain a braid-equivalent Hur- 
witz system (t%, . . . , t n , t n +i\ 1, 1, . - . , 1, 1) with t n+ i = t n +i- We are further allowed to apply 
only braid moves of types a'j and a". The next step is to replace the obtained Hurwitz 
system by one in which at the (n + l)-th place stays e _1 . In fact the permutation e" 1 has 
the same cyclic type as t n+ i, so e" 1 = a~ 1 t n+ ia. Let a = t±- ■ - r r where r» are transposi- 
tions. By the hypothesis and Lemma EHU we have (t±, . . . ,t n ) = Sd- So using Mochizuki's 
Lemma T3. 31 we may replace (t\, . . . , t n ) by a braid-equivalent n-tuple (. . . , Ti). We then have 

{n,t n +i) ~ {nt n +m,n) ~ (^,rit„+in), so (*i,...,f n ,*n+i) ~ {■■■,nt n +in)- Repeating 

this argument with r 2 , r 3 , . . . , r r we obtain a braid-equivalent (n + l)-tuple whose (n + 1)- 
th element is e _1 and the product of the first n equals e. Using a finite number of braid 
moves among the first n transpositions we obtain the required normal form according to 
Theorem 13.51 □ 

So far we worked with coverings with primitive monodromy groups. We now wish to 
consider the imprimitive case. 

Lemma 3.12. Let G C Sd be a transitive imprimitive subgroup which contains a transpo- 
sition. Then there is a unique decomposition {1, . . . , d} — Si U . . . U as in Definition^ 
so that Gi = G n S'(Ej) is a primitive subgroup of for Vi. Furthermore the following 

properties hold. 

i. All transpositions contained in G form one conjugacy G-orbit T. 

ii. G x -G 2 ---G k = G x x G 2 x ••• x G k = (T). 
in. d = S(Ei) forVi. 
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Proof. Let (ab) G G and let T = (ab) G . Let H = (T) and let £i,...,E& be the do- 
mains of transitivity of H. Since if is a normal subgroup every g G G permutes the orbits 
{E l5 . . . , E fc }. Furthermore H = S(E{) x ■ • • x S(E fc ), so Gj = G n S(£j) = £(£<). All 
transpositions which belong to if form one G-orbit since this property holds for £>(£*). Let 
(a/3) be an arbitrary transposition of G. We claim it is impossible that a G Ej, (3 G Ej 
for z 7^ j. Indeed, if this were the case letting g — {a (3) we would have £j S fl Ej 7^ 0, so 
£/ = Ej. If a' G Ej,a' 7^ a, then a' 9 = a' G Ej and on the other hand a' 9 G Ej, so 
Ej fl Ej 7^ which is absurd. We obtain {a /?} C Ej for some i, so (a/5) G T = (ab) G . This 
proves (i). Suppose now that {1, . . . , d} = E'j U . . . U is an arbitrary decomposition as 
required in Definition Let (a (3) be a transposition in G. Then the argument above shows 
that {a, (3} C E^ for some i. This shows that T = (a (3) G C G' = G[ x ■ ■ ■ x G' e where 
Gj = G fl 5*(Ej). Thus each orbit Ej of H = (T) is contained in some orbit Ej. Assuming 
Gj is primitive subgroup of S"(Ej) we conclude that Ej = E'-. This proves the uniqueness 
statement. The other properties were already proved. □ 

Corollary 3.13. Let tc : X — » Y be a covering of smooth, irreducible, projective curves of 
degree d. Suppose that at least one of the discriminant points is simple and suppose that 
the monodromy group of the covering is 7^ S^- Then there exists a unique decomposition 
X — h> Y Y, n = 7r 2 o 7r 1; where di = deg7Tj > 1 for i — 1,2 and tx\ : X — > Y 
has primitive monodromy group. If tt : X — > Y has n simple discriminant points so does 
Hi : X —>■ Y and 7r 2 induces a bijective correspondence between these two sets. 

Proof. One chooses an unramified point 60 G Y, and a bijection : 7r _1 (6o) — ► {1, • • • , d}. 
One applies Lemma 13.121 to the monodromy group of X — * Y and obtains a decomposition 
X —>■ Y — > y. Replacing by another bijection results in replacing the monodromy group 
G by a conjugate one G' = s _1 Gs. The conjugation by s G Sd transforms the G-orbit of 
transpositions contained in G to the G'-orbit of transpositions contained in G' . Therefore 
s transforms the corresponding decompositions of {l,...,d}: £■ = £j S . This proves the 
uniqueness of the decomposition X —>■ Y —>■ Y with the required properties. The last 
statement of the corollary is obvious. □ 

Theorem 3.14. Let Y be a smooth, projective curve of genus > 1. Let d > 2, n > 
0, n = 0(mod 2). If d is prime then T~id,n(Y) — // d is not prime let d' be 

its maximal divisor 7^ d. Suppose that n > 2d' — 2. Then the connected components of 
H.d,n{Y) which correspond to simple coverings with monodromy groups 7^ Sd are in one-to- 
one correspondence with the equivalence classes of unramified coverings [Y — > Y] of degrees 
d 2 \d where d 2 7^ 1, d. 

Proof. If d is prime every transitive subgroup of Sd is primitive, so 7id,n(X) = 
Suppose that d is not prime. Let tc : X — > Y be a simple covering of degree d, simply 
ramified in n points, with monodromy group 7^ Sd- Then the decomposition X — 1 -> Y Y 
of Corollary 13.131 is with etale ix^- Furthermore by the uniqueness of this decomposition if 
/ : X — > X' defines an equivalence of coverings of Y then / is induced by an equivalence 
g : Y — > Y'. Given an etale covering p 2 : Y — > Y of degree d 2 7^ 1, d we consider the Hurwitz 
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space Ti. din (Y) where d\ = d/d 2 . It is connected by Theorem 13.101 We then consider the 
Zariski open subset consisting of [X — ► Y] with discriminant points belonging to different 
fibers of 7T2 : Y — > Y. Every such X — > Y yields a simple covering of Y. In this way one 
obtains a connected component of T~id,n(Y) whose conjugacy class of monodromy groups is 
imprimitive. Vice versa by Corollary 13.131 every connected component of TCd, n (Y) whose 
associated conjugacy class of monodromy groups is imprimitive is obtained in this way. □ 

Example. Let d = 4 and let Y be a curve of genus g > 1. The connected unramified coverings 
of Y of degree 2 are classified up to equivalence by the points of order 2 in the Jacobian 
J{Y). Applying Theorem 13.141 we obtain if n > 2 there are 2 2fJ — 1 different connected 
components of 7i^ n (Y) which parametrize coverings with imprimitive monodromy group. 
The monodromy group in this case is isomorphic to the dihedral group -D4 

4 The case n = 2d — 4, g > 1 

Unless otherwise specified in this section we shall work with Hurwitz systems (ti, . . . ,t n ; 
Ai, fix, . . . , X g , fig) where n > 2, g > 1 and t\, . . . ,t n are transpositions in Sd- Let T = 
(ti, . . . ,t n ) be a sequence of transpositions in Sd and let s — t\ • ■ - t n . Suppose that the 
subgroup (T) = (ti, . . . , t n ) has only one nontrivial domain of transitivity £ and let e = # S. 
We have the inequality n > e — 1, n + \s\ > 2(e — 1) (cf. Lemma f3.8|) so if e = # S is fixed 
the minimum for n is reached for n = e — 1, and then |s| = e — 1. This happens if and only 
if s = t\ ■ ■ • t n is a cycle of order n + 1. 

Definition 9. We call a sequence of transpositions T = . . . , t n ) minimal if s — t± ■ ■ -t n 
is a cycle of order n + 1. 

Lemma 4.1. Let T = (tj, ...,i n ) &e a sequence of transpositions of Sd such that (T) = 
(t\, . . . ,t n ) has a unique nontrivial domain of transitivity S. Suppose that T is not minimal. 
Then for any a G £ i/iere exzsfo a braid- equivalent sequence T' = (t[, . . . ,t' n ) such that 
t'n-l ~ t'n — ( a ^) f or some b G £, b ^ a. 

Proof. Without loss of generality we may assume that £ = {1, . . . , d}. Let s = t\ ■ ■ ■ t n and 
let Ai, . . . , Aq be the domains of transitivity of s. Replacing (ti, . . . , t n ) by a braid-equivalent 
sequence we may assume it has the normal form of Theorem 13.51 The non-minimality 
hypothesis n > \s\ implies that T contains (n — \s\)/2 pairs of the form (li2i) if q = 1 or 
(111,) with 2<i<qifq>2. Consider the cyclic group (s). If u G (s) then t\ u ■ ■ - t n u = s, 
so the sequence (ti u , . . . ,t n u ) is braid-equivalent to (ti, . . . ,t n ) (cf. [Kl] , |Moj ) . If q = 1 we 
may find u G (s) such that (li) u = a. Here we let b = (2i) n . If g > 2 and a G Ai we find 
m such that (li)" = a and we let 6 = (12)"- If a G Aj with i > 2 we find w G (s) such that 
(lj) u = a and we let b = (li)". In each case the sequence (ii M , . . . , t n u ) contains the adjacent 
pair (ab), (ab). Moving it to the end we obtain the sequence required in the lemma. □ 



24 



4.2. Given a Hurwitz system (t\, . . . , t n ; Ai, fix, . . . ,X g , fi g ) where ti, X k , [ik G Sd let E = 
{Si, E 2 , . . . , S m } be the domains of transitivity of G?x = (t\, . . . , t n ) ordered in such a way 
that # Si > # E 2 >-••># E m . Let 

£(E) = (#E 1 ,#E 2 ,...,#E m ,0,0,...) (13) 

be the associated partition of d. Given Ej let T be the subsequence of T = (t\, . . . ,t n ) 
composed of those transpositions which move points of Ej. Let rij = #Tj. We call Ej 
minimal or non-minimal if the sequence Tj is minimal or non-minimal respectively. The 
trivial case # Ej = 1, Tj = is assumed minimal. 

Lemma 4.3. Let (ti, . . . , t n ; Ai, . . . ,X g , fi g ) be a Hurwitz system with monodromy group 
S d - Lets = [Ai,//i] • • • [\ g ,fJ,g] and let G i = (h, . . . ,t n ) C Sd- Let E = {Ei,...,E m } 
fre the domains of transitivity of G± ordered as in \4-3j Suppose that £(E) is maximal in 
lexicographic order among the partitions associated with all Hurwitz systems of the type 
(t[, . . . , t' n ; Ai, fix, . . . , X g , fig) braid- equivalent to the given one. Then E = {Ex} (equiva- 
lent^ (ti, . . . ,t n ) is transitive) if and only if n + \s\ > 2d — 2. If n + \s\ < 2d — 2 then 
n + \s\ = 2|E| = 2(d — m). Furthermore n\ + |s|eiI — 2(#Ei — 1) and /or each i > 2 the 
G\- orbit Ej is minimal, equivalently = |s|sj = #Ej — 1. In particular if s = 1 t/ien 
(ti, . . . , t n ) /ias a single nontrivial domain of transitivity. 

Proof. We proved in Lemma f3. 81 that if (t\, . . . , t n ) is transitive then n + \s\ > 2d — 2. That 
the maximality of £(E) and n + \s\ > 2d — 2 imply that E = {Si} is a fact evident from 
the proof of Theorem 13.101 (cf. Step HJ). We shall further assume that n + \s\ < 2d — 2, 
so G\ is not transitive. Suppose, by way of contradiction, that there is a non-minimal 
T k with k > 2. Let S' = E fc+ i U • • • U S m , so {1, . . . , d} = E x U • • • U E k U E'. Let 
Hi = (T k ), H 2 = (Ti, . . . , T k , . . . , T m , Ai, /ii, . . . , X g , /i g ), so (H x , H 2 ) = G = S d . For every 
b G Efc one has b G = {1, . . . , d}. Let a e S^ and h <E G = (Hi, H 2 ) be chosen in such a way 
that a h G Ei U • • • U S^^i and furthermore the length of the factorization h = hih 2 ■ ■ ■ h r 
with hi G Hi or H 2 is minimal possible among all b G S^ and all g G G satisfying b 9 G 
ExU- ■ -UEjt_i. We claim r = 1 and /ii G i^ 2 - I n fact by minimality we have hi G H 2 , h r G i? 2 
and for each i — 1, . . . , r — 1 the adjacent /ij, h i+ i do not belong to the same subgroup Hi or 
H 2 . Suppose that r > 2. Then by minimality a hl '" hr - 1 G S fc U E'. If a hl '" hr - 1 G S fe we might 
replace a by a' = a hl "' hr - 1 , so a hl "' hr ~ 1 G E'. The group Hi acts trivially on E', therefore 
since h r _i G i^i we have a hl "' hr - 1 = a hl "' hr - 2 . Hence a h = a hl "' ( - hr - 2hr ^ = a h ' where hi has a 
shorter factorization then h. This is an absurd, so r = 1. We have thus proved there exists 
an a G E^ and h G H 2 such that a h G Ej for some i < k. According to Lemma 14.11 we 
may replace T k by a braid-equivalent sequence which contains the adjacent pair (ab), (ab) 
for some b G E&. By Main Lemma 12.11 replacing (ab),(ab) by (ab) h ,(ab) h one obtains a 
braid-equivalent Hurwitz system. The following cases may occur. 

Case 1. b h G Ej /or some j 7^ z, 1 < j < m. If i < j then the new Hurwitz system has 
Ej U Ej as a domain of transitivity, so the corresponding partition Eq. (jl3j) is greater than 
£(E) in lexicographical order. If j < i we interchange a and b and make the same conclusion. 
In both cases we obtain a contradiction with the maximality of £(E). 
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Case 2. b h G £j. Let (ab) h = (xy). Moving the pair (xy), (xy) to the right of T, we obtain 
a braid-equivalent sequence Tj = T i; (xy), (xy) with the same domain of transitivity as Tj. 
Canceling the pair from the obtained Hurwitz system does not change the monodromy group 
G. Let us choose g G G = Sd such that x 9 G £j, ^ Applying Main Lemma ED we 
obtain a new Hurwitz system (t\, . . . , t n ; X%, /^i, . . . , A g , /x s ) whose associated partition £(£) 
has the property that its first i terms are greater in lexicographical order then the first i 
terms of £(£). This contradicts the maximality of the partition £(E). 

The claim that Tj is minimal for every i > 2 is proved. According to Lemma f3. 81 we have 
n i + |s|ei I > 2(# Si — 1) and if this inequality is strict we can apply the argument of Step[T]of 
Theorem 13. 101 in order to increase ^(S) which is impossible . Thus n\ + \s\^ x \ = 2(# Ex — 1). 
Finally if s = 1 then s|jv = 1, so minimality of Ej means # Ej = 1. Therefore the maximality 
of ^(£) implies that only Ei may be nontrivial domain of transitivity. □ 

4.4. Given a Hurwitz system (t\, . . . , t n ; X\, fii, . . . , X g , n g ) we let A = (Ai,...,A g ), /i = 
(/ii, . . . , fig), |A| = (|Ai|, . . . , |A g |), \fi\ = . . . i\fjLg\) (cf. 13 .7|) . We consider the class C 

of Hurwitz systems braid-equivalent to the given one. When dealing with the problem of 
finding a system in C of a simplest form it makes sense to assume (without loss of generality) 
that (ii, . . . , t n ; Ai, /ii, . . . , A 3 , /i 9 ) satisfies the following property: 

(*) (|A|) l/^l) ^ s minimal in lexicographic order among the Hurwitz systems in C and further- 
more £(E) ( cf. \4-*fy is maximal in lexicographic order among the Hurwitz systems in C of the 
type (t' 1 ,...,t' n ;X 1 ,fii,...,X g ,fi g ) 

Theorem 4.5. Let d > 3, n = 2d — 4. Let Y be a smooth, projective curve of genus 
g > 1. Then the Hurwitz space 7"^ n (50 parametrizing simple coverings with monodromy 
groups equal to Sd is irreducible. 

Proof. By Theorem 11.101 it suffices to show that the equivalence class (modulo inner auto- 
morphisms) of every Hurwitz system (ti, . . . , t n ; Ai, /ii, . . . , X g , n g ) with monodromy group 
Sd may be reduced by a finite number of braid moves to the normal form 

[(12), (12), (13), (13), . . . , (1 d - 1)(1 d - 1); 1, 1, . . . , 1, (Id)} (14) 

where each (li) appears twice for 1 < % < d — 1. Without loss of generality we may assume 
that (ii, . . . , t n \ Ai, fit, ■ ■ ■ , X g , fi g ) has minimal (|A|, |/i|) and maximal ^(E) as in 14.41 (*) 

Step 1. We claim Xi — ■ ■ ■ — X g — 1. Let us first suppose that A x ^ 1. Let (ab) be 
a transposition such that |(a6)Ai| < \Xx\. Let s = [Xi, fii] ■ ■ ■ [X g , fi g ]. First suppose that 
s 7^ 1. Since s G Ad we have |s| > 2, thus n + |s| > 2d — 2. By Lemma 14.31 (ii, . . . ,t n ) 
is a transitive group, so by Mochizuki's Lemma 13.31 we can replace (t\, . . .,t n ) by a braid- 
equivalent sequence (t[, . . . ,t' n ) such that t[ = (ab). Applying r" x (cf. Eq.([TUJ)) one trans- 
forms Ai into (ab)X\. This contradicts the minimality of (|A|, |/i|). Suppose that s = 1. Then 
according to Lemma IPl the subgroup (ti, . . . ,t n ) has two orbits: E = {E!,E 2 } where 
# Ei = d — 1, #E 2 = 1. Moreover replacing if necessary (t%, . . . , t n ) by a braid-equivalent 
sequence we may assume that ti = for every i = l(mod2). Varying over all Hurwitz 
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systems with Ai, fa, . . . , X g , p g fixed and braid-equivalent to the given one we want to figure 
out which transpositions may appear at the first place. Let E x = {a 1; . . . , ad-i}, S d = {ad}- 
If {a, j3} C Si then by Mochizuki's Lemma l3~3l one may replace the sequence (ii, . . . , t n ) by 
a braid-equivalent one ((a a , ap), . . .). Let G% — (ii, . . . , t n ), G2 — (Ai, fa, . . . , A g , p g ). By hy- 
pothesis G = (G\, G2) = Sd so 3h G G2 such that Ei <2 Ei. Let E x = {1, . . . , c?} — {a c }, so 
^d h = with c < d. By Main Lemma l2~T1 the Hurwitz system (t\ h , . . . , t„ h ; Ai, fa, . . . , X g , p g ) 
is braid-equivalent to the given one. Applying again Mochizuki's Lemma 13.31 we see that 
every (a Q bp) with (a, (3) 7^ (c,d) may be placed first in some braid-equivalent Hurwitz sys- 
tem. We may vary h E G 2 with the property Ei' 1 G\ Ei, or equivalently with the property 
ad h G Ei. If the orbit ad° 2 has > 3 elements, then an arbitrary transposition r may be 
placed first in some braid-equivalent Hurwitz system (t[, . . . , t' n ; Ai, fa, . . . , \ g , p g ). Doing 
this for t = (ab) and applying the braid move we transform Ai into (ab)Xi thus ob- 
taining a contradiction with the minimality of (|A|, \p\). It remains to consider the case 
#a d ° 2 = 2. In this case G 2 C S({a c ,a d }) x S(E~- {a c }). If A x G 5(Ei - {a c }) or 
Ai = (a c a d )A' 1 with X[ G 5(Ei — {a c }), X[ ^ 1 we might decrease |Ai| transforming Ai into 
(a6)Ai with an appropriate (ab) as we saw above and this contradicts the minimality of 
(|A|, |/i|). It remains to consider the case Ai = (a c ad). Let e G {1, . . . , d — 1}, e 7^ c. Re- 
placing the n-tuple (ti,...,t n ) by a braid-equivalent one we may assume that it equals 
((a c a e ), (a c a e ), . . .). Since G 2 Q S({a c ,a d }) x S^Ei — {a c }) we have [Ai,/ii] = 1. So 
P11 : ti 1— * AitiA^ 1 . Applying this braid move we obtain ((a e a d ), (a c a e ), . . . ; Ai,// 1; . . .). We 
may replace (a e ad), (a c a e ) by the braid-equivalent pair (a c a d ), (a e a d ) and then apply t" x trans- 
forming Ai into (a c ad) ■ (a c a d ) = 1. This contradicts again the minimality of (|A|, \p\). This 
proves Ai = 1. If Ai = • • • = \ k -i = 1, but X k 7^ 1 we have u k -i = [Ai, fa]-- - [X k -i, fa-i] = 1. 
The braid move r" fc transforms X k into t^Afc according to Theorem 11.81 so the same argu- 
ment as above may be applied proving that X k 1 contradicts the minimality of (|A|, \fi\). 
Therefore Xi — ■ ■ ■ — X g — 1. 

Step 2. We claim the group G\ = (tx, . . . , t n ) has orbits Ei = {ai, . . . , ad~i}, S 2 = {ad} and 
there exists c G [l,d— 1] such that every pg equals either 1 or (a c ad). For every Hurwitz 
system with X± = ■ ■ ■ = X g = 1 we have by Theorem 11.81 (b) that p' lk transforms fa into 
t± 1 fa. Assume that fa = ■ ■ ■ = p k ~\ = 1 and p k 7^ 1. Upon a substitution r <-> p we 
may use arguments similar to those of Step [T] trying to decrease \fa\ and thus obtaining 
a contradiction with the minimality of (|A|, \p\). We are not allowed however to use braid 
moves of the types r[ k and r-' k since these change X k while we want to preserve at every braid 
move the equality X% — ■ ■ ■ — X g — 1. We thus have the following: G\ — {t\, . . . , t n ) has orbits 
Ei = {ax, . . ., a d -i}, S 2 = {a d }, fa = (a c a d ), G 2 = (fa, . . . , fa) Q S({a c , a d }) x S(T ll -{a c }). 
Here if £ > k we have either fa = p' e G S(T,i — {a c }) or pe = (a c ad)Hi with p" G S(Ei — {a c }). 
If p' e 7^ 1 or /i" 7^ 1 respectively we might apply Mochizuki's Lemma f3. 31 and the braid move 
p' u in order to decrease \fa\. This is impossible by the minimality of (|A|, \p\) so for every 
£ > k either pi = 1 or fa = (a c ad) 

Step 3. We claim pe = 1 forW£ < g, p g = (a c ad) . Since renumbering and braid moves are 
commutative operations we may assume without loss of generality that Ei = {1, . . . , d — 1} 
and c = 1 so every pe equals either 1 or (Id). Let k be the minimal index such that p k = (Id). 
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If k = g there is nothing to prove, so suppose that k < g. Replacing eventually (ti, . . . ,t n ) 
by a braid-equivalent sequence we may assume that (ti, . . . , t n ; Ai, fa, . . . ,X g , n g ) has the 
following form: 

((12), (12), (13), (13), . . . , (1 d - 1)(1 d - 1); 1, 1, . . . , 1, (Id), ...). (15) 

k 

First suppose that \i g — 1. We claim that replacing /x 9 by (Id) one obtains a braid-equivalent 
Hurwitz system. Indeed r[ k (cf. Corollary ll.9|) transforms Eq. (|T3jl into ((2d), (12), . . . ; 
. . . , (2d), (Id), . . .). Apply the following sequence of braid-equivalences: replace (2d), (12) by 
(12), (Id); move this pair to the end by braid moves of type er'-; perform p" ng , move the pair 
(12), (Id) backward to the front by braid moves of type a"; replace it by (2d), (12) and finally 
apply r" k . One obtains 

((12), (12), (13), (13), . . . , (1 d - 1)(1 d - 1); 1, 1, . . . , 1, (Id), . . . , 1, (Id)) (16) 

k 

as claimed. We may thus suppose that Eq. (fTK|) equals Eq. lfTBjl . Applying r[ g to Eq. lfTfij) and 
replacing (2d), (12) by (Id), (2d) we obtain 

((Id), (2d), (13), (13), 1, (Id), . . . , (2d), (Id)) 

Applying p" k one transforms p! k = (Id) into 1 without changing t\ = (Id). Replacing 
(Id), (2d) by (2d), (12) and applying r" g we obtain a Hurwitz system with \[ = ■ ■ ■ = X' g = 1, 
fa\ = ■ ■ • — ji' k = 1 and /4 = 1 or (Id) for £ > k. This shows that the assumption fa ^ 1 for 
k < g contradicts the minimality of (|A|, 

We have so far worked with Hurwitz systems. When working with equivalence classes we 
may moreover renumber arbitrarily {1, . . . , d}. We thus conclude that the equivalence class 
(modulo inner automorphisms) of a Hurwitz system of the type of Step El is braid-equivalent 
to the equivalence class Eq. (jl5j) with k — g, so it has the normal form Eq. (jl4}) as claimed □ 

5 The case n = 2d — 6, g = 1 

Unless otherwise specified in this section we shall work with Hurwitz systems (ti, . . . , t n ; A, /i) 
where n > 2 and t\,...,t n are transpositions in Sd- 

Proposition 5.1. Let (ti, . . . , t n ; A, fi), with A = 1, be a Hurwitz system with monodromy 
group Sd- Suppose that d — 1 < n < 2d — 2. Let e = | + 1. Then the equivalence class 
[ti, . . . , t n \ A, fi] is braid- equivalent to 

[(12), (12), (13), (13), . . . , (le), (le); 1, (1 e + 1 . . . d)} (17) 

Proof. We may assume without loss of generality that (|A|, |/i|) is minimal and £(E) is maxi- 
mal in lexicographic order as in 14.41 (*). By Lemma fOl the subgroup (ti, . . . , t n ) C Sd has a 
single nontrivial domain of transitivity Si and furthermore since t% ■ ■ ■ t n = 1 we may assume 
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that ti = t i+ i for i = l(mod2). Let Si = {ai, . . . , a^}. Decomposing p into a product of 
independent cycles p = p% • • ■ pk we have each /jj contains at most one element of Si. In- 
deed, otherwise using Mochizuki's Lemma l3~3l and applying the braid move p" ng (cf. Eq. ([TUj) ) 
we might decrease \p\. Furthermore the transitivity of (ii, . . . ,t n , p) implies that every p^ 
contains exactly one element of Si and each element of Si is contained in one of pi. The 
inequality n > d — 1, equivalent to e > d — e, implies that at least one element of Si does not 
appear in the cycles pi, 1 < i < k. We claim that if k > 2 then there is a braid-equivalent 
Hurwitz system (t[, . . . , t' n ; 1, p') such that p' is a cycle of order d — e + 1 containing a single 
element of Si. Braid moves and renumbering of {1, ... , d} are commutative operations, so 
for proving the claim we may assume without loss of generality that (ii, . . . , t n ; 1, p) equals 

((12), (12), . . . , (le), (le); 1, (2 e + 1 . . . e + h)(3 e + i x + 1 . . .) . . .). (18) 

Performing r' xl we obtain 

((le +1), (12),..., (le),(le);(le+l),(2e + l...)(3... )...). 

Moving the pair (1 e + 1), (12) to the end, replacing it by (12), (2 e + 1) and performing p" nX 
we obtain 

((13), (13), . . . , (le), (le), (12), (12); (1 e + 1), (2 e + 2 . . .)(3 e + i x + 1 . . .) . . .). (19) 
Let us consider the system 

((12), (12), (13), (13), . . . , (le), (le); 1, (2 e + 2 . . . e + zi)(3 e + 1 e + k + 1 . . .) . . .). (20) 
Moving the pair (13), (13) to the front and then performing we obtain 

((1 e + 1), (13), (12), (12), (14), (14), . . . ; (1 e + 1), (2 e + 2 . . .)(3 e + 1 . . .) . . .). 
Moving (1 e + 1), (13) to the end, replacing it by (13), (3e + 1) and performing p" nX we obtain 

((12), (12), (14), . . . , (le), (13), (13); (1 e + 1), (2 e + 2 . . .)(3 e + i x + 1 . . .) . . .). (21) 

Since Eq. (J^UJ) is braid-equivalent to Eq. (j2T]) and Eq. (j2*T|) is braid-equivalent to Eq. (fE?j) we 
conclude that Eq. (fTH|) is braid-equivalent to Eq. (j2Uj) . The sequence Eq. (f2TH) is obtained 
from Eq. (jl8|) by moving one element from the cycle /ii to the cycle /i2- Repeating this 
transformation several times we obtain a cycle // of order d — e + 1. We thus proved that 
replacing the given Hurwitz system by a braid-equivalent one we may assume that (t±, . . . , t n ) 
has a single nontrivial orbit Si = {ai,...,a e } and p = (aja e+ i . . . a d ) where 1 < i < e 
and {ai, a 2 , . . . , a^} = {1, . . . , d}. Renumbering and normalizing the sequence (ti, . . . , t n ) 
according to the classical result of Clebsch and Hurwitz we obtain that \t\, . . . , t n ; 1, p] is 
braid-equivalent to the equivalence class Eq. (fT7|) . □ 
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Remark 1 . The proof of Proposition 15.11 may be easily adapted in order to show that every 
equivalence class [t%, . . . , t n ; A, 1] with full monodromy group Sd and d — 1 < n < 2d — 2 is 
braid-equivalent to 

[(12),(12),...,(le),(le);(le+l...d),l]. (22) 

Here one should modify Condition I4.4f *) assuming without loss of generality (|A|, \p\) = 
(|A|, 0) is minimal in the reverse lexicographical order and ^(E) is maximal in lexicographical 
order. One then repeats the proof of the proposition using p' nl instead of t[ x and t x1 instead 
of p" nX . 

Lemma 5.2. Let (t\, . . . ,t n ; A,/i) be a Hurwitz system with monodromy group Sd- Let E = 
{Ei, . . . , E m } be the domains of transitivity of (ti, . . . , t n ) ordered in such a way that # Ei > 
# E 2 > • • • > #E m . Suppose that (|A|, \p\) is minimal and £(E) is maximal as in \4-4)f *)- 
Suppose that A ^ 1. Then the following three conditions cannot hold simultaneously. 

i. Ei is non-minimal (cf. \4-^j) - 

ii. There exists a G Ei such that a x ^ Ei (equivalently there exists c G E x such that 
c x ' x i Ei/ 

m. There exists b G Ei siic/i t/iat 6 A = 6. 

Proof. Decomposing A into a product of independent cycles A = A x • • • Afc we see that each 
of the two conditions of (ii) is equivalent to the existence of a Aj which contains elements 
of both Ei and Ei = {1, . . . , d} — Ei. Let p = p,\ ■ ■ ■ pn be the decomposition of p into a 
product of independent cycles. The minimality of (|A|, \p\) implies that neither Aj nor pj 
may contain two different elements of some E r . In fact if this were the case then we might 
apply Mochizuki's Lemma 13.31 and one of the braid moves r'l x or p" nX in order to decrease 
(|A|, \p\)- In particular for each x G Ei we have an alternative: either x x = x or x x ^ Ei. 

Suppose, by way of contradiction, that (i), (ii) and (iii) hold simultaneously. Let s = 
[A, p\. By Lemma f4. 31 we must have n + \ s\ < 2d — 2 since otherwise (t x , . . . , t n ) is transitive, 
so applying Mochizuki's Lemma 13.31 and the braid move r" x we might decrease |A| which 
contradicts the minimality of (|A|, \p\) assumed in the lemma. Lemma 14.31 yields moreover 
that n\ + |s|s 1 | = 2(# Ei — 1), so Condition (i) means s\y^ x has q > 2 domains of transitivity 
Ai, . . . , A q . We claim one can choose a and b satisfying (ii) and (iii) respectively so that 
they belong to different domains. In fact if b G and all x G Ei with x x i Ei belong to 
then we may replace b by an arbitrary element of some other A^ according to the alternative 
of the preceding paragraph. Let a G Aj, b G Aj, i ^ j. Let T\ be the subsequence of T = 
(£i, . . . ,t n ) consisting of the transpositions that move elements of Ei. Let a' = a s , b' = b s . 
Using Corollary 13.61 we can replace T\ by a sequence (• • ■ , {a'b'), (a'b')) and then move the 
pair (a'b'), (a'b') to the end of T. We then perform the braid move p' nl which transforms 
t n = (a'b') into (a'b') s x = (ab) x = (a x b). The group generated by the new sequence (T 1 ) has 
orbit Ei U {a x }. By Mochizuki's Lemma [3. 31 one may replace T' by ((aa x ), . . .). Performing 
r{i one transforms A into (aa x )X and clearly |(aa A )A| < |A|. This contradicts the minimality 
of(|A|,|/i|). □ 
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Lemma 5.3. Let (t±, . . . , t n ; A, /x) be a Hurwitz system with monodromy group Sd- Let d—1 < 
n < 2d — 2. Suppose that (|A|, |/x|) is minimal and ■£(£) maximal as in ~%~\(*). Suppose 



that s = [A, /x] = 1. T/ien A = 1 and i7ie equivalence class [t±, . . . ,i n ; A,/x] zs braid- equivalent 
to Eq.$n). 

Proof. Let E = {Si, . . . , E m } be the orbits of (ii, . . . ,t n ). Let e = | + 1. According to 
Lemma IQ1 we have # Ej = 1 for each z > 2 and # £ x = e. Suppose, by way of contradiction, 
that A 1. According to Lemma l5~21 its conditions (i) - (iii) cannot hold simultaneously. The 
orbit Ex is non-minimal since = 1. As we saw in the course of the proof of Lemma f5. 21 
the minimality of (|A|, |/x|) implies that if one decomposes A into a product of independent 
cycles A = Y\ \ then every Aj contains at most one element of £]_. The inequality n > d — 1 
implies that # Si = e > d — e. Thus there exists an element b G Si such that b x = b. 
Therefore Condition (ii) of Lemma 15.21 must fail to hold, i.e. we have a x = a for every 
a G Si. Let F C {1, . . . , d} be the set of fixed points of A. We have F D Si so the group 
(ti, . . . ,t n ) leaves F invariant. Since [A,/x] = 1 we have F^ = F. Therefore the assumption 
A ^ 1 implies that (t\, . . . ,t n , A,/i) is not a transitive group which is a contradiction. The 
last part of the lemma refers to Proposition 15.11 □ 

Remark 2. This lemma may be stated differently: if [A,/x] = 1 and A ^ 1 then one can 
decrease |A| by a sequence of braid moves (at the expense of possible increasing of |/x|). 
Modifying appropriately Lemma 15.21 one can prove similarly that given a Hurwitz system 
(ti, . . . ,t n ] A,/i) with full monodromy group Sd and such that d — 1 < n < 2d — 2, then 
[A,/i] = 1 and /i ^ 1 imply that one can decrease by a sequence of braid moves (at the 
expense of possible increasing of |A|). 

Theorem 5.4. Let d > 4, n = 2d — 6. Let Y be an elliptic curve. Then the Hurwitz space 
7i dn (Y) parametrizing simple coverings with monodromy groups equal to Sd is irreducible. 

Proof. By Theorem ll.lOl it suffices to show that given a Hurwitz system (ti, . . . , t n ; A, /x) with 
monodromy group Sd its equivalence class is braid-equivalent to 

[(12), (12), (13), (13), . . . , (1 d - 2), (1 d - 2); 1, (1 d - 1 d)]. (23) 

Without loss of generality we may assume that (ti, . . . ,t n ; A, /x) has minimal (|A|, |/x|) and 
maximal ^(S) as in I4.4f *). Here S = {Si, . . . , S m } are the domains of transitivity of G\ = 
(ti, . . . , t n ) ordered in such a way that # S x > # S 2 > ■ • • > # S m . We aim to prove that 
A = 1 in order to apply Proposition 15.11 Let s = [A, /x]. Our first goal is to prove s — 1. 
Suppose, by way of contradiction, that s ^ 1, so in particular A ^ 1 and /x ^ 1. Since [A, /x] is 
an even permutation we have \s\ = 0(mod2). If s > 4 then n+ \s\ > 2d — 2, so by Lemma I4~3*l 
the group G\ — (ti, . . . ,t n ) is transitive. Using Mochizuki's Lemma [3.31 and the braid move 
t"i we can transform A into A' with |A'| < |A|. This contradicts the minimality of (|A|, |/x|). 
Thus if s ^ 1 then \s\ = 2. By Lemma 14.31 the group G\ has two domains of transitivity 
S = {£i, £2} arid E2 is minimal. If A = Ai • • • A&, /x = /x x • • • /x^ are the factorizations into 
independent cycles, then as we saw in the proof of Lemma 15.21 the minimality of (|A|, |/x|) 
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implies that each A« or fij is a transposition of the type (ac) where a G Si, c G E 2 . It is clear 
that ma.x{k,£} < #S 2 . Let Si = (s|s 1 )~, s 2 = (s|e 2 )~ where ~ means trivial extension from 
S(Ei) to Sd- We have s = sis 2 and the following cases may occur: a) = 2, |s 2 | = 0; b) 
= 1, |s 2 | = 1; c) | s x | = 0, \s 2 \ = 2. 

In Case (a) by minimality # E 2 = 1. So Ai = (aic), fi = (a 2 c) where {c} = E 2 and ai 7^ 
a 2 since [A,/i] 7^ 1. Then [A, /i] = (a 2 aic). This contradicts [A,/i] = ti ■ • -t n G x 5*(E 2 ), 

so Case (a) is impossible. 

In Case (b) we have # E 2 = 2 by minimality and # Si > 2. If d > 5 then # Ei > 3. 
So Si is non-minimal and furthermore there exists an element b G Ei such that b x = b. If 
A = Ai or A = AiA 2 with Ai = (ac) then a G Si, a x ^ Ei. This contradicts Lemma [5.21 It 
remains to consider the case d = 4. Let Ei = {ai, a 2 }, E 2 = {ci, c 2 }. 

Suppose that A is a transposition. We may assume that A = (aiCi). We exclude case by 
case the possibilities for /1. The cases /i = (ciiCi), or (a 2 c 2 ), or /i = (aiCi)(a 2 c 2 ) are impossible 
since [X, fj] 7^ 1. The cases /i = (aic 2 ) or ji = (a 2 ci) are impossible either since [X, /j] = S\S 2 
is not a cycle of order 3. It remains to exclude the possibility /i = (aic 2 )(a 2 ci). Indeed here 

[X,H] = {a 1 c 1 )(a 1 C2)(a 2 c 1 )(a 1 c 1 )(a 1 C2)(a 2 c 1 ) = (aiCi)(a 2 c 2 ), 

while [X, fj] must equal (ctia 2 )(cic 2 ). 

Suppose that A = AiA 2 . We may assume that A = (aiCi)(a 2 c 2 ). Then [A,//] might be 
7^ 1 only if = (aic 2 ) or [i = (a 2 Ci). The calculation above shows that in these cases 
[A, fj] 7^ (ctict 2 )(cic 2 ) So Case (b) is impossible. 

In Case (c) we have # E 2 = 3 by minimality and s|g 1 = 1. Here d = # Ei + # E 2 > 6. If 
d > 7 we obtain a contradiction with Lemma 15. 21 by the same argument we used in Case (b). 
The cases d = 6 and A = Ai or A = AiA 2 are excluded in the same way. It remains to consider 
the case A = (aiCi)(a 2 c 2 )(a 3 c 3 ) where Ei = a 2 ,a s }, E 2 = {ci,c 2 ,c 3 }. Let Tj be the 
subsequence of T = (ti, . . . , t 6 ) which moves elements of E i5 i = 1,2. Replacing T by a braid- 
equivalent sequence we may assume that T = TiT 2 where T x = (aia 2 )(aia 2 )(aia 3 )(aia 3 ). By 
Main Lemma 12.11 the Hurwitz system (TiT 2 ; A, fi) is braid-equivalent to (Ti M T 2 ; A, If 
#(Ei M PI E 2 ) < 3 then the group (Ti M ,T 2 ) has a domain of transitivity E^ = E! M U E 2 and 
#E'i > #Ei. This contradicts the maximality of -^(S). Hence Ei' 1 = E 2 , E 2 ^ = Ei. This 
implies that the group (t 1 , . . . ,t n ; A,/i) is imprimitive which is excluded by hypothesis. We 
thus excluded all possible cases with s 7^ 1. Therefore s = [A,/i] = 1. 

Suppose that d > 5. Then from Lemma 15.31 and Proposition 15.11 it follows that A = 1 
and [ti, . . . , t n ; X, fi] is braid-equivalent to Eq. (|2Hj) which proves the theorem when d > 5. So, 
the only case that remains to be considered is d — 4, n — 2, [X,fi\ = 1. Here we have E = 
{Ei, E 2 , E 3 } with #Ei = 2, # E 2 = # E 3 = 1. Let Ei = E 2 UE 3 . Suppose, by way of contra- 
diction, that A 7^ 1. Unless A = (ac)(bd) where Ei = {a, b}, Ei = {c, d} we may apply the ar- 
gument of Lemma I5~3*l and obtain a contradiction with the minimality of (|A|, \fi\). We obtain 
a Hurwitz system of the type ((ab), (ab); (ac)(bd), /i) where /x commutes with (ac){bd). The 
centralizer of A = (ac)(bd) is {1, (ac)(6<i), (ad)(bc), (ab)(cd), (ac), (bd), (abed), (adeb)}. The 
braid move p 21 transforms \i into fi" = (ab)fj, (cf. Eq.^TUJ)). Thus the minimality of (|A|, 
excludes the cases \i = (ab)(cd), (abed) or (adeb). The hypothesis of primitivity of (ti, t 2 , A, /i) 
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excludes the cases // = 1, (ac)(bd) or (ad) (be). It thus remains to consider the cases /i = (ac) 
or /i = (bd). These are equivalent up to reordering, so it suffices to consider jj, = (ac). We per- 
form the following sequence of braid moves starting from ((ab), (ab); (ac)(bd), (ac)). Applying 
t' X \ we obtain ((be), (ab); (aedb), (ac)). Replacing (be), (ab) by (ac), (be) and then applying 
t"i (cf. Theorem 11.81 (f)) we obtain (ac) i— > (ac)^ abc ^ = (ab) and (aedb) (ac)(acdb) = (adb). 
So we obtain ((ab), (be); (bad), (ac)). Applying t" x again we transform (. . . ; (bad), (ac)) into 
(. . . ; (bd), (ac)). This contradicts the minimality of (|A|, of the initial Hurwitz system 
((ab), (ab); (ac)(bd), (ac)). All possible cases with [A, /j] = 1, A ^ 1 were excluded, so A = 1. 
We conclude that (£1,^2; A,/i) = ((ab), (ab); The minimality of (|A|, = (0, im- 

plies that no independent cycle of the factorization of \i may contain both a and b. Since 
((ab),fi) is transitive we conclude that the factorization is either /i = //i/i2 = (ac)(bd) with 
{b,d} = Si or fi is a cycle of order 3 containing the two elements of Si. The former case 
is impossible since ((a6),/i) is a primitive group. We conclude that the equivalence class 
[(ab), (ab); 1,/i] equals [(12), (12); 1, (134)]. The theorem is proved. □ 

We can sharpen Theorem 13.141 using the same proof and Theorem 13.101 Theorem 14.51 
and Theorem 15.41 

Theorem 5.5. Let Y be a smooth, projective curve of genus > 1. Let d > 2, n > 0, n = 
0(mod 2). If d is prime then Hd in (y) = T^drSX)- If d ^ s n °t V r i me ^ d' be its maximal 
divisor ^ d. Suppose that n > max(2, 2d' — 4) or if g = 1 suppose that n > max(2, 2d' — 
6). Then the connected components of 7id,n{X) which correspond to simple coverings with 
monodromy groups ^ Sd are in one-to-one correspondence with the equivalence classes of 
unramified coverings [Y — > Y] of degrees d2\d where c?2 7^ 1, d. 
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